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Manhattan GRE 


March 15%, 2011 
Dear Student, 


Thank you for picking up one of the Manhattan GRE Strategy Guides—we hope that it ends up being just what you need to 
prepare for the new GRE. 


As with most accomplishments, there were many people involved in the book that you're holding. First and foremost is Zeke 
Vanderhoek, the founder of MG Prep. Zeke was a lone tutor in New York when he started the Company in 2000. Now, 
eleven years later, the Company has Instructors and offices nationwide and contributes to the studies and successes of thou- 
sands of students each year. 


Our Manhattan GRE Strategy Guides are based on the continuing experiences of our Instructors and our students. On the 
Company side, we are indebted to many of our Instructors, including but not limited to Roman Altshuler, Chris Berman, 
Faruk Bursal, Jen Dziura, Dmitry Farber, Stacey Koprince, David Mahler, Seb Moosapoor, Stephanie Moyerman, Chris 
Ryan, Michael Schwartz, Tate Shafer, Emily Sledge, Tommy Wallach, and Ryan Wessel, all of whom either wrote or edited 
the books to their present form. Dan McNaney and Cathy Huang provided their formatting expertise to make the books as 
user-friendly as possible. Last, many people, too numerous to list here but no less appreciated, assisted in the development of 
the online resources that accompany this guide. 


At Manhattan GRE, we continually aspire to provide the best Instructors and resources possible. We hope that you'll find our 
dedication manifest in this book. If you have any comments or questions, please e-mail me at dan@manhattangre.com. I'll be 
sure that your comments reach our curriculum team—and I'll read them too. 


Best of luck in preparing for the GRE! 


Sincerely, 


We 


Dan Gonzalez 
Managing Director 
Manhattan GRE 


www.manhattangre.com 138 West 25th St., 7th Floor NY, NY 10001 Tel: 646-254-6479 Fax: 646-514-7425 
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INTRODUCTION 8: THE REVISED GRE Chapter 1 


Introduction, and How to Use Manhattan GRE’s Strategy Guides 


We know that youre looking to succeed on the GRE so that you can go to graduate school and do the things you want 
to do in life. 


We also know that you might not have done math since high school, and that you may never have learned words like 
“adumbrate” or “sangfroid.” We know that it's going to take hard work on your part to get a top GRE score, and that's 
why we've put together the only set of books that will take you from the basics all the way up to the material you need 
to master for a near-perfect score, or whatever your score goal may be. You've taken the first step. Now it’s time to get 
to work! 


How to Use These Materials 


Manhattan GRE' materials are comprehensive. But keep in mind that, depending on your score goal, it may not be 
necessary to “get” absolutely everything. Grad schools only see your overall Quantitative, Verbal, and Writing scores— 
they dont see exactly which strengths and weaknesses went into creating those scores. 


You may be enrolled in one of our courses, in which case you already have a syllabus telling you in what order you 
should approach the books. But if you bought this book online or at a bookstore, feel free to approach the books—and 
even the chapters within the books—in whatever order works best for you. For the most part, the books, and the chapters 
within them, are independent; you dont have to master one section before moving on to the next. So if you're having a hard 
time with something in particular, you can make a note to come back to it later and move on to another section. Simi- 
larly, it may not be necessary to solve every single practice problem for every section. As you go through the material, 
continually assess whether you understand and can apply the principles in each individual section and chapter. The 
best way to do this is to solve the Check Your Skills and Practice Problems throughout. If you're confident you have a 
concept or method down, feel free to move on. If you struggle with something, make note of it for further review. Stay 
active in your learning and oriented toward the test—it's easy to read something and think you understand it, only to 
have trouble applying it in the 1-2 minutes you have to solve a problem. 


Study Skills 


As youre studying for the GRE, try to integrate your learning into your everyday life. For example, vocabulary is a big 


part of the GRE, as well as something you just cant “cram” for—you're going to want to do at least a little bit of vocab 
every day. So, try to learn and internalize a little bit at a time, switching up topics often to help keep things interesting. 


Keep in mind that, while many of your study materials are on paper (including ETS’s most recent source of official 
GRE questions, The Official Guide to the GRE revised General Test ), your exam will be administered on a computer. Be- 
cause this is a computer-based test, you will NOT be able to underline portions of reading passages, write on diagrams 
of geometry figures, or otherwise physically mark up problems. So get used to this now. Solve the problems in these 
books on scratch paper. (Each of our books talks specifically about what to write down for different problem types). 


Again, as you study stay focused on the test-day experience. As you progress, work on timed drills and sets of ques- 
tions. Eventually, you should be taking full practice tests (available at www.manhattangre.com) under actual timed 
conditions. 
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The Revised GRE 


As of August 1, 2011, the Quantitative and Verbal sections of the GRE will undergo a number of changes. The 
actual body of knowledge being tested won't change, but the way it is tested will. Here's a brief summary of what to 
expect, followed by a more comprehensive assessment of the new exam. 


Overall, the general format of the test will change. The length of the test will increase from about 3.5 hours to about 
4 hours. There will be two scored math sections and two scored verbal sections rather than one of each, and a new 
score scale of 130-170 will be used in place of the old 200-800 scale. More on this later. 


The Verbal section of the GRE will change dramatically. The Analogies and Antonym questions will disappear. The 
Sentence Completions and Reading Comprehension will remain, to be expanded and remixed in a few new ways. 
Vocabulary will still be important, but only in the context of complete sentences. That is, you'll no longer have to 
worry about vocabulary words standing alone. So for those who dislike learning vocabulary words, the changes will 
provide partial relief. For those who were looking forward to getting lots of points just for memorizing words, the 
Manhattan GRE verbal strategy guides will prepare you for the shift. 


The Quant section of the GRE prior to August 1, 2011 is composed of multiple choice problems, Quantitative 
Comparisons, and Data Interpretation questions (which are really a subset of multiple choice problems). The revised 
test will contain two new problem formats in addition to the current problem formats. However, the type of math, 
and the difficulty of the math, will remain unchanged. 


Additionally, a small four-function calculator with a square root button will appear on-screen. Many test takers will 
rejoice at the advent of this calculator! It is true that the GRE calculator will reduce emphasis on computation—but 
look out for problems, such as percents questions with tricky wording, that are likely to foil those who rely on the 
calculator too much. Jn short, the calculator may make your life a bit easier from time to time, but you will never need the 


calculator to solve a problem. 


Finally, don’t worry about whether these new problem types are “harder” or “easier.” You are being judged against 


other test takers, all of whom are in the same boat. So if the new formats are harder, they are harder for other test 
takers as well. 


Exam Structure 


The revised test has six sections. You will get a ten-minute break between the third and fourth sections and a one- 


minute break between the others. The Analytical Writing section is always first. The other five sections can be seen in 
any order and will include: 


e Two Verbal Reasoning sections (approximately 20 questions each in exactly 30 minutes per section) 


Two Quantitative Reasoning sections (approximately 20 questions each in exactly 35 minutes per section) 


. cc * 
e Either an “unscored” section or a “research” section 


An unscored section will look just like a third Verbal or Quantitative Reasoning section, 


hich , and you will not be told 
which of them doesn’t count. If you get a research section, it will be identified as such. 
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30 minutes each 





Later in the chapter, we'll look at all the question formats in detail. 


Using the Calculator 


The addition of a small, four-function calculator with a square root button means that those taking the revised test 
can forget re-memorizing their times tables or square roots. However, the calculator is not a cure-all; in many prob- 
lems, the difficulty is in figuring out what numbers to put into the calculator in the first place. In some cases, using a 
calculator will actually be less helpful than doing the problem some other way. Let’s look at an example: 


If x is the remainder when (11)(7) is divided by 4 and y is the remainder when (14)(6) is divided by 13, 
what is the value of x + y? 


Solution: This problem is designed so that the calculator won't tell the whole story. Certainly the calculator 
will tell us that 11 x 7 = 77. When you divide 77 by 4, however, the calculator yields an answer of 19.25. 
The remainder is not 0.25 (a remainder is always a whole number). 


You might just go back to your pencil and paper, and find the largest multiple of 4 that is less than 77. Since 
4 DOES go into 76, we can conclude that 4 would leave a remainder of 1 when dividing into 77. (Notice 
that we don’t even need to know how many times 4 goes into 76, just that it goes in. One way to mentally 
“jump” to 76 is to say, 4 goes into 40, so it goes into 80 ... thats a bit too big, so take away 4 to get 76.) You 
could also multiply the leftover 0.25 times 4 (the divisor) to find the remainder of 1. 


ManhattanGREPrep ss o—ć— | 
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However, it is also possible to use the calculator to find a remainder. Divide 77 by 4 to get 19.25. Thus, 4 
goes into 77 nineteen times, with a remainder left over. Now use your calculator to multiply 19 JUST 19, 
not 19.25) by 4. You will get 76. The remainder is 77 — 76 = 1. Therefore, x = 1. 


Use the same technique to find y. Multiply 14 x 6 to get 84. Divide 84 by 13 to get 6.46... Ignore every- 
thing after the decimal, and just multiply 6 by 13 to get 78. The remainder is therefore 84 — 78 = 6. 
Therefore, y = 6. 


Since we are looking for x + y and 1 + 6 = 7, the answer is 7. 


You can see that blind faith in the calculator can be dangerous. Use it responsibly! And this leads us to... 


Practice Using the Calculator! 


On the new GRE, the on-screen calculator will slow you down or lead to incorrect answers if you're not careful! If 
you plan to use the thing on test day (which you should), you'll want to pactice first. 


We have created an online practice calculator for your use. To access this calculator, go to www.manhattangre.com 
° . . . 3) 
and sign in to the student center using the instructions on the “How to Access Your Online Student Center page 


found at the front of this book. 


In addition to the calculator, you will see instructions for how to use the calculator. Be sure to read these 
instructions and work through the associated exercises. Throughout our math books, you will see the Z 


symbol. This symbol means “use the calculator here!” As much as possible, have the online practice calculator up 
and running during your review of our math books. You'll have the chance to use the on-screen calculator when 
you take our practice exams as well. 


Navigating the Questions in a Section 


Another change for test takers on the new GRE is the ability to move freely around the questions in a section... you 
can go forward and backward one-by-one and can even jump directly to any question from the “review list.” The 
review list provides a snapshot of which questions you have answered, which ones you have tagged for “mark and 
review,” and which are incomplete, either because you didn't select enough answers or because you selected too many 
(that is, ifa number of choices is specified by the question). You should double-check the review list for completion if 
you finish the section early. Using the review list feature will take some practice as well, which is why we've built it into 
our online practice exams. Here's some introductory advice. 
The majority of test takers will be pressed for time. Thus, for most of you, it wont be feasibl 
problems at the end of the section. Generally, if you can’t get a question the first time, 
second time around either. With this in mind, here’s how we recommend using the n 


e to “go back to” multiple 
you wont be able to get it the 
ew review list feature. 


1. Do the questions in order as they appear. 
2. When you encounter a difficult question, do you best to eliminate answer choices you know are wrong. 
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3. If you're not sure of an answer, take an educated guess from the choices remaining. Do NOT skip it and 
hope to return to it later. 


4. Using the “mark” button at the top of the screen, mark up to three questions per section that you think 
you might be able to solve with more time. Mark a question only after you have taken an educated guess. 


5. If you have time at the end of the section, click on the review list, identify any questions you’ve marked 
and return to them. If you do not have any time remaining, you will have already taken good guesses at the 
tough ones. 


What you want to avoid is “surfing”—clicking forward and backward through the questions searching for the easy 
ones. This will eat up valuable time. Of course, you'll want to move through the tough ones quickly if you cant get 
them, but try to avoid skipping stuff. 


Again, all of this will take practice. Use our practice exams to fine-tune your approach. 


Scoring 


Two things have changed about the scoring of the Verbal Reasoning and Quantitative Reasoning sections: (1) how 
individual questions influence the score and (2) the score scale itself. 


For both the Verbal Reasoning and Quantitative Reasoning sections, you will receive a raw score, which is simply how 
many questions you answered correctly. Your raw score is converted to a scaled score, accounting for the difficulties of 
the specific questions you actually saw. 


The old GRE general section was question-adaptive, meaning that your answer to each question (right or wrong) 
determined, at least somewhat, the questions that followed (harder or easier). Because you had to commit to an answer 
to let the algorithm do its thing, you weren't allowed to skip questions or go back to change answers. On the revised 
GRE, the adapting will occur from section-to-section (e.g., if you do well on the first verbal section, you will get a 
harder second verbal section) rather than from question-to-question. The only change test takers will notice is one 
most will welcome: you can now move freely about the questions in a section, skipping tough questions and coming 
back to them later, changing answers after “ah-ha!” moments, and generally managing your time more flexibly. 


The scores for the revised GRE Quantitative Reasoning and Verbal Reasoning will be reported on a 130 to 170 scale in 
1-point increments, whereas the old score reporting was on a 200 to 800 scale in 10-point increments. You will receive 
one 130-170 score for verbal and a separate 130-170 score for quant. If you are already putting your GRE math 

skills to work, you may notice that there are now 41 scores possible (170 — 130, then add one before you're done), 
whereas before there were 61 scores possible ([800 — 200]/10, then add one before youre done). In other words, a 10 
point difference on the old score scale actually indicated a smaller performance differential than a 1 point difference 

on the new scale. However, the GRE folks argue that perception is reality: the difference berween 520 and 530 on the 
old scale could simply seem greater than the difference between 151 and 152 on the new scale. If that's true, then this 
change will benefit test-takers, who wont be unfairly compared by schools for minor differences in performance. If not 
true, then the change will be moot. 


Important Dates 


Registration for the GRE revised General Test opens on March 15, 2011, and the first day of testing with the new 
format is August 1, 2011. | 
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Perhaps to encourage people to take the revised exam, rather than rushing to take the old exam before the change or 
waiting “to see what happens” with the new exam long after August 1, 2011, ETS is offering a 50% discount on the 
test fee for anyone who takes the revised test from August 1 through September 30, 2011. Scores for people who take 
the revised exam in this discount period will be sent starting in mid- to late-November. This implies that you may have 
to wait up to 3.5 months to get your score during this rollout period! 


By December 2011, ETS expects to resume normal score reporting schedules: score reports will be sent a mere 10-15 
days after the test date. 


IMPORTANT: If you need GRE scores before mid-November 2011 to meet a school deadline, take the “old” GRE 
no later than July 31, 2011! Waiting to take the revised test not only would require you to study for a different 
test, but also would delay your score reporting. 


Question Formats in Detail 


Essay Questions 


The Analytical Writing section consists of two separately timed 30-minute tasks: Analyze an Issue and Analyze an 
Argument. As you can imagine, the 30-minute time limit implies that you aren't aiming to write an essay that would 
garner a Pulitzer Prize nomination, but rather to complete the tasks adequately and according to the directions. Each 


essay is scored separately, but your reported essay score is the average of the two rounded up to the next half-point 
increment on a 0 to 6 scale. 


Issue Task—This essay prompt will present a claim, generally one that is vague enough to be interpreted in various 
ways and discussed from numerous perspectives. Your job as a test taker is to write a response discussing the extent to 
which you agree or disagree and support your position. Dont sit on the fence—pick a side! 


For some examples of Issue Task prompts, visit the GRE website here: 
http://www.ets.org/gre/revised_general/ prepare/analytical_writing/issue/pool 
Argument Task— This essay prompt will be an argument comprised of both a claim(s) and evidence. Your job is to 


dispassionately discuss the argument’s structural flaws and merits (well, mostly the flaws). Don’t agree or disagree with 
the argument—evaluate its logic. 


For some examples of Argument Task prompts, visit the GRE website here: 


http://www.ets.org/gre/revised_general/prepare/ analytical_writing/argument/pool 


Verbal: Reading Comprehension Questions 


Standard 5-choice multiple choice reading comprehension 


heel < questions will continue to appear on the new exam. You 

i > 
are likely familiar with how these work. Let’s take a look at two new reading comprehension formats that will appear 
on the new test. 


Select One or More Answer Choices and Select-in-Passage 


For the question type, “Select One or More Answer Choices,” 


a ou are given three stat | 
asked to “select all that apol Pio y g e statements about a passage and 


or all three can be correct (there is no “none of the above” option). 


* 
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the new standard 





== a E OES ey Oe 





INTRODUCTION & THE REVISED GRE Chapter 1 





There is no partial credit; you must select all the correct choices and none of the incorrect choices. 


Strategy Tip: On “Select One or More Answer Choices,” don’t let your brain be tricked into telling you 
“Well, if two of them have been right so far, the other one must be wrong,” or any other arbitrary idea 
about how many of the choices “should” be correct. Make sure to consider each choice independently! You 
cannot use “Process of Elimination” the same way as you do on “normal” multiple-choice questions. 


For the question type “Select-in-Passage,” you are given an assignment such as “Select the sentence in the passage that 
explains why the experiment’s results were discovered to be invalid.” Clicking anywhere on the sentence in the pas- 
sage will highlight it. (As with any GRE question, you will have to click “Confirm” to submit your answer, so don’t 
worry about accidentally selecting the wrong sentence due to a slip of the mouse.) 


Strategy Tip: On “Select-in-Passage,” if the passage is short, consider numbering each sentence (that is, 
writing 1 2 3 4 on your paper) and crossing off each choice as you determine that it isn't the answer. If 
the passage is long, you might write a number for each paragraph (I, 11, III), and tick off each number as 
you determine that the correct sentence is not located in that paragraph. 


Now let’s give these new question types a try! 
The sample questions below are based on this passage: 


Physicist Robert Oppenheimer, director of the fateful Manhattan Project, said “It is a profound 
and necessary truth that the deep things in science are not found because they are useful; 
they are found because it was possible to find them.” In a later address at MIT, Oppenheimer 
presented the thesis that scientists could be held only very nominally responsible for the con- 
sequences of their research and discovery. Oppenheimer asserted that ethics, philosophy, and 
politics have very little to do with the day-to-day work of the scientist, and that scientists could 
not rationally be expected to predict all the effects of their work. Yet, in a talk in 1945 to the 
Association of Los Alamos Scientists, Oppenheimer offered some reasons why the Manhattan 
project scientists built the atomic bomb; the justifications included “fear that Nazi Germany 
would build it first” and “hope that it would shorten the war.” 


For question #1, consider each of the three choices separately and select all that apply. 

1. The passage implies that Robert Oppenheimer would most likely have agreed with which of the following views: 
Some scientists take military goals into account in their work 
Deep things in science are not useful 
The everyday work of a scientist is only minimally involved with ethics 


2. Select the sentence in which the writer implies that Oppenheimer has not been consistent in his view that scien- 
tists have little consideration for the effects of their work. 


[Here, you would highlight the appropriate sentence with your mouse. Note that there are only four options. ] 
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Solutions: 


1. {A,C} Oppenheimer says in the last sentence that one of the reasons the bomb was built was scientists’ | 
“hope that it would shorten the war.” Thus, Oppenheimer would likely agree with the view that “Some sci- 
entists take military goals into account in their work.” B is a trap answer using familiar language from the 
passage. Oppenheimer says that scientific discoveries’ possible usefulness is not why scientists make discover- 
ies; he does not say that the discoveries aren’t useful. Oppenheimer specifically says that ethics has “very little 
to do with the day-to-day work of the scientist,” which is a good match for “only minimally involved with 
ethics.” 


Strategy Tip: On ‘Select One or More Answer Choices,” write ABC on your paper and mark each choice 
with a check, an X, or a symbol such as ~ if you're not sure. This should keep you from crossing out all 
three choices and having to go back (at least one of the choices must be correct). For example, let’s say that 
on a different question you had marked 


The one you weren’t sure about, (C), is likely to be correct, since there must be at least one correct 
answer. 


2. The correct sentence is: Yet, in a talk in 1945 to the Association of Los Alamos Scientists, Oppenheimer 
offered some reasons why the Manhattan project scientists built the atomic bomb; the justifications 
included “fear that Nazi Germany would build it first” and “hope that it would shorten the war.” The 


£c »e . . . . . 
word “yet” is a good clue that this sentence is about to express a view contrary to the views expressed in the 
rest of the passage. 


Verbal: Text Completion Questions 


Text Completions are the new, souped-up Sentence Completions. They can consist of 1-5 sentences with 1-3 


blanks. When Text Completions have two or three blanks, you will select words for those blanks independently. 
There is no partial credit; you must make every selection correctly. 


Because this makes things a bit harder, the GRE has kindly reduced the number of possible choices per blank from 
five to three. Here is an old two-blank Sentence Completion, as it would appear on the old GRE: 


Old Format: 


Leaders are not always expected to the same rules as are those they lead; leaders are 


often looked up to for a surety and presumption that would be viewed as in most oth- 
ers. 


A. obey ... avarice 
B. proscribe ... insalubriousness 
C. decree ... anachronism 
D. conform to ... hubris 
E. follow ... eminence 
| t RE Pre 


the new standard 








INTRODUCTION & THE REVISED GRE Chapter 1 








And here's how this same sentence would appear on the new exam. 


New Format: 
Leaders are not always expected to (i) the same rules as are those they lead; leaders 
are often looked up to for a surety and presumption that would be viewed as (ii) in 


most others. 


Blank (i) Blank (ii) 


decree is 
proscribe avarice 
conform to anachronism 


On the new GRE, you will select your two choices by actually clicking and highlighting the words you want. 















Solution: 


In the first blank, we need a word similar to “follow.” In the second blank, we need a word similar to “arrogant.” 
Only choice D works in the old format; in the new format, the answer is still “conform to” and “hubris,” but you ll 
make the two choices separately. 


Note that in the “Old Format” question, if you knew that you needed a word in the second blank that meant some- 
thing like “arrogant,” and you knew that “hubris” was the only word in the second column with the correct meaning, 
you could pick correct answer choice D without even considering the first word in each pair. In the new format, this 
strategy is no longer available to us. 


” << 


Also note that, in the “Old Format” question, “obey,” “conform to,” and “follow” mean basically the same thing. On 
the new GRE, this can’t happen: since you select each word independently, no two choices can be synonyms (other- 
wise, there would be two correct answers). 


Strategy Tip: As on the old GRE, do NOT look at the answer choices until you've decided for yourself, based on textual 
clues actually written in the sentence, what kind of word needs to go in each blank. Only then should you look at the choices 
and eliminate those that are not matches. 


Let's try an example with three blanks. 


For Kant, the fact of having a right and having the (i) to enforce it via coercion cannot be sepa- 
rated, and he asserts that this marriage of rights and coercion is compatible with the freedom of every- 
one. This is not at all peculiar from the standpoint of modern political thought—what good is a right if 
its violation triggers no enforcement (be it punishment or (ii) )? The necessity of coercion 

is not at all in conflict with the freedom of everyone, because this coercion only comes into play when 
someone has (iii) someone else. 


Blank (ii) Blank (ii Blank (iii 
questioned the hypothesis of 


violated the rights of 
ibiti granted civil liberties to 




















prohibition 
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Solution: 


In the first sentence, use the clue “he asserts that this marriage of rights and coercion is compatible with the freedom 
of everyone” to help fill in the first blank. Kant believes that “coercion” is “married to” rights and is compatible with 
freedom for all. So we want something in the first blank like “right” or “power.” Kant believes that rights are mean- 
ingless without enforcement. Only the choice “license” can work (while a “license” can be physical, like a driver’s 
license, “license” can also mean “right”). 


The second blank is part of the phrase “punishment or , which we are told is the “enforcement” result- 
ing from the violation of a right. So the blank should be something, other than punishment, that constitutes enforce- 
ment against someone who violates a right. (More simply, it should be something bad!) Only “restitution” works. 
Restitution is compensating the victim in some way (perhaps monetarily or by returning stolen goods). 


In the final sentence, “coercion only comes into play when someone has someone else.” Throughout 
y y es 8 
the text, “coercion” means enforcement against someone who has violated the rights of someone else. The meaning is 


the same here. The answer is “violated the rights of.” 


The complete and correct answer is this combination: 


Blank (i) Blank (ii) Blank (iii) 
license restitution violated the rights of 


In theory, there are 3 x 3 x 3 = 27 possible ways to answer a 3-blank Text Completion—and only one of those 
27 ways is correct. The guessing odds will go down, but don’t be intimidated, Just follow the basic process: come 
up with your own filler for each blank, and match to the answer choices. If you’re confused by this example, don’t 
worry! We'll start from the beginning in our Text Completion & Sentence Equivalence strategy guide. 


Strategy Tip: As on the old GRE, do NOT “write Jour own story.” The GRE cannot give you a blank without also giving 


you a clue, physically written down in the passage, telling you what kind of word or phrase MUST go in that blank. Find 
that clue. You should be able to give textual evidence for each answer choice you select. 


Verbal: Sentence Equivalence Questions 


In this question type, you are given one sentence with a single blank. There are six answer choices, and you are asked 


to pick TWO choices that fit the blank and are alike in meaning. 


Of the new question types, this one depends the most on vocabulary and also yields the most to strategy. 


No partial credit is given on Sentence Equivalence; b 
choices, there are 15 possible combinations of choice 
ing as it sounds. 


oth correct answers must be selected. When you pick two of six 
s, and only one is correct. However, this is not nearly as daunt- 


Think of it this way—if you have six choices, but the two correct ones must be “si 

at most, three possible PAIRS of choices. Maybe fewer, since not all choices 
<c . » » 

you can match up the “pairs,” you can seriously narrow down your options. 


milar in meaning,” then you have, 
are guaranteed to have a “partner.” If 
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Here is a sample set of answer choices: 


tractable 
taciturn 
arbitrary 
tantamount 


reticent 


Ele el el ll E 


amenable 


We haven’t even given you the question here, because we want to point out how much you can do with the choices 
alone, if you have studied vocabulary sufficiently. 


TRACTABLE and AMENABLE are synonyms (tractable, amenable people will do whatever you want them to do). 
TACITURN and RETICENT are synonyms (both mean “not talkative”). ARBITRARY (based on one’s own will) 
and TANTAMOUT (equivalent) are not similar in meaning and therefore cannot be a pair. Therefore, the ONLY 
possible answers are {A, F} and {B, E}. We have improved our chances from 1 in 15 to a 50/50 shot without even 
reading the question! 


Of course, in approaching a Sentence Equivalence, we do want to analyze the sentence the same way we would with 
a Text Completion—read for a textual clue that tells you what type of word MUST go in the blank. Then look for a 
matching pair. 


Strategy Tip: If you're sure that a word in the choices does NOT have a partner, cross it out! For instance, if A and C are 
partners, and E and F are partners, and you're sure B and D are not each other's partners, cross out B and D completely. 
They cannot be the answer together, nor can either one be part of the answer. 


The sentence for the answer choice above could read, 


, the hostess did her best to keep the conversa- 


Though the dinner guests were quite 
tion active and engaging. 


Thus, B and E are the best choices. Let’s try an example. 


While athletes usually expect to achieve their greatest feats in their teens or twenties, opera singers don’t 
reach the of their vocal powers until middle age. 


harmony 
zenith 
acme 
terminus 


nadir 


ARBAB 


cessation | 






Prep 


standard 





the new 














Chapter 1 INTRODUCTION & THE REVISED GRE 





Solution: 


Those with strong vocabularies might go straight to the choices to make pairs. ZENITH and ACME are de 
meaning “high point, peak.” TERMINUS and CESSATION are synonyms, meaning “end. NADIR is a low point 
and HARMONY is present here as a trap answer reminding us of opera singers. Cross off A and E, since they do not 
have partners. Then, go back to the sentence, knowing that your only options are a pair meaning “peak” and a pair 
meaning “end.” 


The answer is {B, C}. 


Math: Quantitative Comparison 


This format is a holdover from the old exam. Here's a quick example: 


Quantity A Quantity B 
x x’ 
(A) Quantity A is greater. 
(B) Quantity B is greater. 


(C) The two quantities are equal. 
(D) The relationship cannot be determined from the information given. 


Solution: If x = 0, the quantities are equal. If x = 2, quantity B is greater. Thus, we don’t have enough information. 


The answer is D. 


Let's look at the new math question formats. 


Math: Select One or More Answer Choices 


According to the Official Guide to the GRE Revised General Test, the official directions for “Select One or More 
Answer Choices” read as follows: 


Directions: Select one or more answer choices according to the specific question direc- 
tions. 


If the question does not specify how many answer choices to select, select all that apply. 


The correct answer may be just one of the choices or as many as all of the choices, 
depending on the question. 


No credit is given unless you select all of the correct choices and no others. 


If the question specifies how man 


y answer choices to select, select exactly that number of 
choices. 


Note that there is no “partial credit.” If three of six choices are correct and you select two of the three, no credit is 
given. It will also be important to read the directions carefully. 


That said, many of these questions look very similar to those on the “old” GRE. For instance, here is a question that 
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could have appeared on the GRE in the past: 


lf ab = |a| x |b|, which of the following must be true? 


I. a=b 
il. a>0andb>0 
Ill. ab>0 


A Il only 

B. lil only 

C. | and IlI only 
D ll and IIl only 
E 1, Il, and Il 


Solution: If ab = |a| x |4|, then we know ab is positive, since the right side of the equation must be positive. If ab 
is positive, however, that doesn't necessarily mean that 4 and 6 are each positive; it simply means that they have the 


same sign. 


l. It is not true that a must equal b. For instance, a could be 2 and b could be 3. 
ll. It is not true that a and b must each be positive. For instance, a could be —3 and b could be —4. 
iH. True. Since |a| x |b| must be positive, ab must be positive as well. 


The answer is B (IH only). 


Note that, if you determined that statement I was false, you could eliminate choices C and E before considering the 
remaining statements. Then, if you were confident that II was also false, you could safely pick answer choice B, III 
only, without even trying statement III, since “None of the above” isn't an option. That is, because of the multiple 
choice answers, it is sometimes not necessary to consider each statement individually. This is the aspect of such prob- 


lems that will change on the new exam. 
Here is the same problem, in the new format. 


If ab = |a| x |b|, which of the following must be true? 


Indicate all such statements. 


[A] a=b 
a>Oandb>0 
ab >0 


Strategy Tip: Make sure to fully “process” the statement in the question (simplify it or list the possible scenarios) before con- 
sidering the answer choices. This will save you time in the long run! 


Here, we would simply select choice C. The only thing that has changed is that we can’t do process of elimination; 
we must always consider each statement individually. On the upside, the problem has become much more straight- 
forward and compact (not every real-life problem has exactly five possible solutions; why should those on the GRE?). 
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Math: Numeric Entry 

This question type requires the text taker to key a numeric answer into a box on the screen. You are not able to 
“work backwards” from answer choices, and in many cases it will be difficult to make a guess. However, the prin- 
ciples being tested are the same as on the old GRE. 


Here is a sample question: 


If x*y = 2xy — (x — y), what is the value of 3*4? 


Solution: 


We are given a function involving two variables, x and y, and asked to substitute 3 for x and 4 for y: 


xy = 2xy — (x — y) 

3*4 = 2(3)(4) - (3-4) 
3*4 = 24 - (-1) 

3*4 = 25 


The answer is 25. 


Thus, you would type 25 into the box. 


Okay. You ve now got a good start on understanding the structure and question formats of the new GRE. Now it’s 
time to begin fine-tuning your skills. 
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Using Equations to Solve Geometry Problems 


Before we dive into the specific properties of the many shapes tested on the GRE, it's important to establish a foun- 
dation of translating the information presented in questions into algebraic equations. This will allow us to more eas- 
ily, and quickly, solve even the most complex geometry problems. To start, let's do the following problem together. 


Rectangles ABCD and EFGH, shown below, have equal areas. The length of side AB is 5. What is 
the length of diagonal AC? 


F G 

B C 
10 

A D 
E 6 H 


The first step in any geometry question involving shapes is to draw your own copies of the shapes on your note paper 
and fill in everything you know. In this problem in particular, you would want to redraw both rectangles and add to 
your picture the information that side AB has a length of 5. Also, make note of what you're looking for—in this case 
we want the length of diagonal AC. So your new figures would look like this: 


F G 

B C 
10 5 

A D 
E 6 H 


Now that we have redrawn our figures and filled in all the given information, it's time to begin answering the question. 


So now the question becomes—has the question provided us any information that can be expressed mathematically? 
In other words, can we create equations? Well, they did tell us one thing that we can use—the two rectangles have 
equal areas. So we can say that Area „pcp = Area ppor But we can do better than that. The formula for area of a rect- 
angle is Area = (length) x (width). So our equation can be rewritten as (length, pcp) X (width scp) = (length rcy) X 
(width 


EFG. ). 
The length and width of rectangle EFGH are 6 and 10 (it doesn’t matter which is which) and the length of AB is 5. So 
our equation becomes (5) x (width pep) = (6) x (10). So (5) x (width gcp) = 60, which means that the width of rect- 
angle ABCD equals 12. 
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Any time you learn a new piece of information (in this case the width of rectangle ABCD) you should put that infor- 
mation into your picture. So our picture of rectangle ABCD now looks like this: 


B 12 C 
5 
A D 


To recap what we've done so far, we started this problem by redrawing the shapes described in the question and fill- 
ing in all the information (such as side lengths, angles, etc.) that we knew, and made note of the value the question 
was asking us for. The first step for geometry problems is to draw or redraw figures and fill in all given informa- 
tion. Of course, we should also confirm what we're being asked! 


Next we made use of additional information provided in the question. The question stated that the two rectangles 
had equal areas. We created an equation to express this relationship, and then plugged in the values we knew (length 
and width of rectangle EFGH and length of rectangle ABCD) and solved for the width of rectangle ABCD. We iden- 
tified relationships and created equations. After that, we solved the equations for the missing value (in this case, 
the width of ABCD). 


In some ways, all we have done so far is set up the problem. In fact, aside from noting that we need to find the 
length of diagonal AC, nothing we have done so far seems to have directly helped us actually solve for that value. 
The result of the work we've done to this point is to find that the width of rectangle ABCD is 12. 


So why did we bother solving for the width of rectangle ABCD when we didn’t even know why we would need it? 
The answer is that there is a very good chance that we will need that value in order to answer the question. 


There was no way initially to find the length of diagonal AC. We simply did not have enough information. The 
question did, however, provide us enough information to find the width of rectangle ABCD. More often than not, if 
you have enough information to solve for a value, you need that value to answer the question. 


So the question now becomes, what can we do now that we know the width of ABCD that we couldn’t do before? 
To answer that, let's take another look at the value we're looking for: the length of AC. 


As mentioned earlier, an important part of problem solving is to identify relationships. We already identified the 


relationship mentioned in the question—that both rectangles have equal areas. But for many geometry problems 
there are additional relationships that aren’t as obvious. 


The key to this problem is to recognize that AC is not only the diagonal of rectangle ABCD, but is also the hypotenuse 
of a right triangle. We know this because one property of rectangles is that all four interior angles are right angles. 
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C 
| \ 
B 5 A 


Now that we know AC is the hypotenuse of a right triangle, we can use the Pythagorean Theorem to find the length 
of the hypotenuse using the two side lengths. 


C 


C 
\ 7 N 
B 5 A 5 


B 


Sides BC and AB are the legs of the triangle, and AC is the hypotenuse, so: 
(BC)? + (ABY = (ACY 
(12)? + (5)? = (AC)? 
144 + 25 = (AC) 
169 = (AC) 
13 = AC 


Alternatively, you can avoid that work by recognizing that this triangle is one of the Pythagorean triplets: a 5-12-13 tri- 
angle. Either way, the answer to the question is AC = 13. 


Let’s recap what we did in the last portion of this question. The process that allowed us to solve for the width of 
ABCD was based on information explicitly presented to us in the question. To proceed from there, however, required 
a different sort of process. The key insight was that the diagonal of rectangle ABCD was also the hypotenuse of right 
triangle ABC. Additionally, we needed to know that, in order to find the length of AC, we needed the lengths of 
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the other two sides of the triangle. The last part of this problem required us to make inferences from the figures. 
Sometimes these inferences require you to make a jump from one shape to another through a common element. For 
instance, we needed to see AC as both a diagonal of a rectangle and as a hypotenuse of a right triangle. Here AC was 
the common element in both a rectangle and a right triangle. Other times, these inferences make you think about 
what information you would need in order to find another value. 


en RE eS SEE ARNEDO 


In a moment, we'll go through another sample problem, but before we do, let's revisit the important steps to answer- 
ing geometry problems. 


Recap: 


Step 1: Draw or redraw figures and fill in all given information. 
Fill in all known angles and lengths and make note of any equal sides or angles. 


Step 2: Identify relationships and create equations. 
Often these relationships will be explicitly stated in the question. 


Step 3: Solve the equations for the missing value. ; 
If you can solve for a value, you will often need that value to answer the question. | 


Step 4: Make inferences from the figures, 


You will often need to make use of relationships that are not explicitly stated. 


Now that we've got the basic 


process down, let's do another problem. Try it on your own first, then we'll walk 
through it together. 


Rectangle PQRS is inscribed in Circle O 


pictured below. The center of Circle O is also the center of Rec- 
tangle PQRS. If the circumference of Ci 


rcle O is 57, what is the area of Rectangle PQRS? 


Q R 
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The first thing you should have done is redraw the figure on whatever note paper you are using and fill in 
all the given information. The question didn't explicitly give us the value of any side lengths or angles, but 
it did say that PQRS is a rectangle. That means all 4 internal angles are right angles. So when you redraw the 
figure, it might look like this. 





Now it's time to identify relationships and create equations. The question stated that the circumference of Circle 
O is 57, and we know the formula for circumference. Circumference equals 277, so 57 = 27r. Now that we know 
the circumference, there's only one unknown (7), so we should solve the equation for the missing value and find 
the radius, which turns out to be 2.5. We also know that d = 27, so the diameter of Circle O is 5. 


As with the previous problem, we are now left with the question—why did we find the radius and diameter? 
We were able to solve for them, which is a very good clue that we need one of them to answer the question. 
Now is the time to make inferences from the figures. 


Ultimately, this question is asking for the area of rectangle PQRS. What information do we need to find that 
value? We have the length of QP, which means that if we can find the length of either QR or PS, we can find 
the area of the rectangle. So we need to somehow find a connection between the rectangle and the radius or 
diameter. Let’s put a diameter into the circle. 
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That didn't really seem to help much, because we still have no way to make the connection between Pa diameter 
and the rectangle. It’s important to remember, though, that any line that passes through the center is a ee 
What if we drew the diameter so that it passed through the center but touched the circle at points P and R We 
know that the line connecting points P and R will be a diameter because we know that the center of the circle is also 
the center of the rectangle. Our circle now looks like this: 





What was the advantage of drawing the diameter so that it connected points P and R? Now the diameter of the 
circle is also the diagonal of the rectangle. The circle and the rectangle have a common element. 


Where do we go from here? We still need the length of either QR or PS. Do we have a way to get either one of 
those values? As a matter of fact, we do. PQR is a right triangle. It’s not oriented the way we are used to seeing it, 
but all the important elements are there. It’s a triangle, and one of its internal angles is a right angle. Additionally, 


we know the lengths of 2 of the sides: QP and PR. That means we can use the Pythagorean Theorem to find the 
length of the third side: QR. 


(QR? + (QP)? = (PRY 
(QR)? + (4)? = (5)? 
(QR)? + 16=25 
(QR) =9 

QR =3 


Alternatively, we could have recognized the Pythagorean triplet—triangle PQR is a 3-4-5 triangle. 


: l Either way we 
arrive at the conclusion that the length of QR is 3. Our circle now looks like this: 
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Now we have what we need to find the area of rectangle PQRS. Area = (length) x (width) = (4) x (3) = 12. So the 


answer to the question is 12. 


What did we need to do in order to arrive at that answer? For starters, we needed to make sure that we had an accu- 
rate 

figure to work with, and that we populated that figure with all the information that had been given to us. Next we 
had to realize that knowing the circumference of the circle allowed us to find the diameter of the circle. 


After that came what is often the most difficult part of the process—we had to make inferences based on the figure. 
The key insight in this problem was that we could draw a diameter in our figure that could also act as the diagonal of 
the rectangle. As if that wasn’t difficult enough, we then had to recognize that PQR was a right triangle, even though 
it was rotated in a way that made it difficult to see. It is these kinds of insights that are going to be crucial to success 
on the GRE—recognizing shapes when they're presented in an unfamiliar format and finding connections between 
different shapes. 


Check Your Skills 


1. In rectangle ABCD, the distance from A to C is 10. What is the area of the circle inside the rectangle, if 
this circle touches both AD and BC? (This is known as an inscribed circle). 


A D 


B 8 C 


The answer can be found on page 35. 
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Check Your Skills Answers 


1. 9m: Redraw the diagram without the circle, so you can focus on the rectangle. Add in the diagonal AC, since we're 
given its length. 


B 8 C 


Now we look at right triangle ABC. AC functions not only as the diagonal of rectangle ABCD but also as the hypot- 
enuse of right triangle ABC. So now we find the third side of triangle ABC, either using the Pythagorean Theorem or 
recognizing a Pythagorean triplet (68-10). 


A A 
10 10 
) 6 Side AB has 
length 6. 
B 8 C B 8 C 


(AB)? + 8? = 10° 
(AB) + 64 = 100 
(AB) = 36 

AB =6 


Now, we redraw the diagram with the circle but without the diagonal, since we ve gotten what we needed from that: 
the other side of the rectangle. 


Since the circle touches 


both AD and BC, we 
6 know that its diameter 6 
must be 6. 
B 8 C B 8 C 


Finally, we find the radius and compute the area: 


d=6=2r Area = Trr? 
3=y = 13? 


Area = 9r 
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Problem Set 
1. 
The “aspect ratio” of a rectangular 
TV screen is the ratio of its height to 
its width. 
Quantity A Quantity B 
The area of a rectangular TV The area of a rectangular TV screen 
screen with an aspect ratio of 3:4 with an aspect ratio of 9:16 and a 
and a diagonal of 25” diagonal of 25” 
2. 
Ten 8-foot long poles will be 
arranged in a rectangle to 
surround a flowerbed. 
Quantity A Quantity B 
The area in square feet of the 
300 
flowerbed 
3. 
ABCF and ACDE are squares. 
Quantity A Quantity B 
Twice the area of the shaded region Three times the area of 


ABCF 
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1. A: For any fixed diagonal, as for any fixed perimeter, the rectangle with the greatest area is a square. Given two 
rectangles with equal diagonals, the one that is more nearly square has a greater area. A 3 : 4 ratio is more nearly 
square (closer to 1) than is a 9 : 16 ratio. 


Each of the following rectangles has the same diagonal. Compare their areas. 


10 
10 
E 
54/7 


The area of the square is larger, and is the largest possible area for the diagonal of that length. As the diagonal 
rotates, the area of the rectangle gets progressively smaller. Thus Quantity A is larger. 


2. D: There are two possible ways to arrange the poles into rectangles, 2 poles x 3 poles, and 1 pole x 4 poles on 
each side. The 2 x 3 arrangement will enclose an area 16 x 24, which is more than 300 square feet. The 1 x 4 
arrangement will enclose an area 8 X 32, which is less than 300 square feet. 


Ten 8-foot long poles will be arranged 
in a rectangle to surround a flower- 


bed. 
Quantity A uantity B 
The area in square feet of the 300 


flowerbed = 


16 x 24 = 384 OR 
8 x 32 = 256 


Therefore we do not have enough information to determine which quantity is greater. 
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3. C: The simplest solution is to draw the diagonals of the larger square and add the line AC. This yields a combined 
figure cut into five equal triangles: 





E D 


The shaded region is three such triangles, so Quantity A represents the area of six such triangles. ABCF is two such 
triangles, so Quantity B represents the area of six such triangles. 


There are also algebraic solutions to this problem, although they’re all reasonably complicated. Here’s one: 
Since the ratio of the diagonal of a square to its side is /2 : 1, AC = J2 AR. 


So the area of the large square is (V2. AB)?, or 2( AB}. 
The area of the smaller square is simply (AB}., 
The shaded region represents 3/4 the area 2(ABY, or = (AB)? 


We can rewrite the quantities thusly: 


Quantity A Quantity B 


Twice the area of the shaded region Three times the area of - 


=20 > (AB) = 3(AB)? ABCF = 3 . (AB)? = 3(AB)? 


Therefore the two quantities are equal. 
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3. C: The simplest solution is to draw the diagonals of the larger square and add the line AC. This yields a combined 
figure cut into five equal triangles: 





A popes di ees ter iat be diy 
` x = 1% E AS DS Deeg ene 
RRA dda ler ae NS ie eae ake pe eee ER MeL ore Piana pin Eh Jenta 


E D 


The shaded region is three such triangles, so Quantity A represents the area of six such triangles. ABCF is two such 
triangles, so Quantity B represents the area of six such triangles. 


There are also algebraic solutions to this problem, although they’re all reasonably complicated. Here’s one: 
Since the ratio of the diagonal of a square to its side is/2 :1, AC = V2AB. 


So the area of the large square is (./2 AB)?, or 2(AB)?. 

The area of the smaller square is simply (AB)?. 

The shaded region represents 3/4 the area 2(AB)?, or Ed ABY. 
2 


We can rewrite the quantities thusly: 


Quantity A Quantity B 
Twice the area of the shaded region Three times the area of 
3 


=2+ (AB? =3(4B} ABCF = 3 . (ABY = 3(AB) 


Therefore the two quantities are equal. 


* 
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° The Basic Properties of a Triangle 

e Perimeter and Area 

e Right Triangles 

e Pythagorean Triplets 

e Isosceles Triangles and the 45-45-90 Triangle 

° Equilateral Triangles and the 30-60-90 Triangle 
* Diagonals of Other Polygons 
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The Basic Properties of a Triangle 


Triangles show up all over the GRE. You'll often find them hiding in problems that seem to be about rectangles or 
other shapes. Of the basic shapes, triangles are perhaps the most challenging to master. One reason is that several prop- 
erties of triangles are tested. 


Let’s start with some general comments on triangles: 


The sum of any two side lengths of a triangle will always be greater than the third side length. This is because the 
shortest distance between two points is a straight line. At the same time, the third side length will always be greater 
than the difference of the other two side lengths. The pictures below illustrate these two points. 


x 3 3 ? 
l 3 
5 5 5 
What is the largest number x could be? What's the smallest? Could it be 9? 1? 


x must be less than 3 + 5 = 8 
x must be greater than 5 — 3 = 2 
2<x<8 


Check Your Skills 


1. Two sides of a triangle have lengths 5 and 19. Can the third side have a length of 13? 
2. Two sides of a triangle have lengths 8 and 17. What is the range of possible values of the length of 


the third side? 
Answers can be found on page 55. 


The internal angles of a triangle must add up to 180". This rule can sometimes allow us to make inferences about 
angles of unknown size. It means that if we know the measures of 2 angles in the triangle, we can determine the 
measure of the third angle. Take a look at this triangle: 


85° x 


The 3 internal angles must add up to 180°, so we know that 30 + 85 + x = 180. Solving for x tells us that x = 65. So 
the third angle is 65°. The GRE can also test your knowledge of this rule in more complicated ways. Take a look at 


this triangle: 
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In this situation, we only know one of the angles. The other 2 are given in terms of x. Even though we only know one 
angle, we can still determine the other 2. Again, we know that the 3 angles will add up to 180. So 60 + x + 2x = 180. 


That means that 
3x = 120. So x= 40. Thus the angle labeled x° has a measure of 40° and the angle labeled 2x° has a measure of 80°. 


The GRE will not always draw triangles to scale, so don’t try to guess angles from the picture, which could be distorted. 
Instead, solve for angles mathematically. 


Check Your Skills 
Find the missing angle(s). 


3. 4. 
75° 
40° x° 


Internal angles of a triangle are important on the GRE for another reason. Sides correspond to their opposite angles. 
This means that the longest side is opposite the largest angle, and the smallest side is opposite the smallest angle. 
Think about an alligator opening its mouth, bigger and bigger... as the angle between its upper and lower jaws 
increases, the distance between the front teeth on the bottom and top jaws would get longer and longer. 


Here’s the biggest angle, >, 

and it’s across from the Here’s the smallest 

longest side At! angle, and it’s across 
from the shortest side 


One important thing to remember about this relationship is that it works both ways. If we know the sides of the tri- 
angle, we can make inferences about the angles. If we know the angles, we can make inferences about the sides. 


Si 
y 
30° x°\110° 


Answers can be found on pages 55. 
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smallest 





B middle 


AC > BC> AB ZABC> Z BAC> Z ACB 


Although we can determine from the angle measures which sides are longer, which sides are shorter, and which sides 
are equal, we cannot determine how MUCH greater or shorter. For instance, in the triangle to the above left, ZABC 
is twice as large as ZBAC, but that does not mean that AC is twice as large as BC. 


Things get interesting when a triangle has sides that are the same length or angles that have the same measure. We 
can classify triangles by the number of equal sides that they have. 


e A triangle that has 2 equal angles and 2 equal sides (opposite the equal angles) is an isosceles triangle. 


e A triangle that has 3 equal angles (all 60°) and 3 equal sides is an equilateral triangle. 


Once again, it is important to remember that this relationship between equal angles and equal sides works in both 
directions. Take a look at these isosceles triangles, and think about what additional information we can infer from 
them. 


B 


12 12 


C A 
infer: BC = 7 Infer: ZA =55° 


The GRE loves isosceles triangles and uses them in a variety of ways. The following is a more challenging application 


of the equal sides/equal angles rule. 
B 


A C 


Take a look at the triangle and see what other information you can fill in. Specifically, do you know the degree mea- 
sure of either BAC or BCA? 
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BCA. For conve- 
de AB is the same length as side BC, we know that BAC has the same degree measure as 

Because side AB is | 

nience we could label each of those angles as x° on our diagram. 





i = 180. 2x = 160, and x= 80. So BAC and 
the 3 internal angles will add up to 180. So 20 + x+ x 
pd pte We ars find E side length AC without more advanced math, but the GRE wouldn't ask you 
for this side length for that very reason. 


Check Your Skills 
Find the value of x. 


7. 8. 





Answers can be found on pages 55-56. 
Perimeter and Area 
The perimeter of a triangle is the sum of the lengths of all 3 sides. 


5 
10 


In this triangle, the perimeter is 5 + 6+10=21. This is a relatively simple property of a triangle, so often it will be 
used in combination with another property. Try this next problem. What is the perimeter of triangle PQR? 


R 12 


To solve for the perimeter, we will need to determin 
know that their Opposite sides will have equal len 
can infer that side PQ has a length 


e the value of x. Because angles PQR and PRQ are both 50°, we 


gths. That means sides PR and PQ must have equal lengths, so we 
of 9. The perimeter of triangle PQR is 9+ 9 + 12 = 30. 
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Check Your Skills 
What is the perimeter of each triangle? 
9, 10. Answers can be found on page 56. 
5 8 
6 
Note: Figures not drawn to scale. You 
T need to be ready to solve geometry 
problems without depending on exactly 
4 accurate figures. 


1 
The final property of a triangle we will discuss is area. You may be familiar with the equation Área = > (base) x 


(height). One very important thing to understand about the area of a triangle (and area in general) is the relationship 
between the base and the height. The base and the height MUST be perpendicular to each other. In a triangle, one 
side of the triangle is the base, and the height is formed by dropping a line from the third point of the triangle 
straight down towards the base, so that it forms a 90° angle with the base. The small square located where the height 
and base meet (in the figure below) is a very common symbol used to denote a right angle. 





base 


An additional challenge on the GRE is that problems will ask you about familiar shapes but present them to you in 
orientations you are not accustomed to. Even the area of a triangle is affected. Most people generally think of the 
base of the triangle as the bottom side of the triangle, but in reality, any side of the triangle could act as a base. In 
fact, depending on the orientation of the triangle, there may not actually be a bottom side. The three triangles below 
are all the same triangle, but in each one we have made a different side the base, and drawn in the corresponding 


height. 


A height, 






base, 





base, 


As it turns out, not only can any side be the base, but the height doesn't even need to appear in the triangle! The 
only thing that matters is that the base and the height are perpendicular to each other. 
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Check Your Skills 


What are the areas of the following triangles? 


11. 12. 





leg 
10 
il 
6 Answers can be found on page 56-57. 


Right Triangles 


There is one more class of triangle that is very common on the GRE: the right triangle. A right triangle is any tri- 
angle in which one of the angles is a right angle. The reason they are so important will become more clear as we 
attempt to answer the next question. 


What is the perimeter of triangle ABC? 
B 


A 3 C 


Normally we would be unable to answer this question. We only have two sides of the triangle, but we need all three 
sides to calculate the perimeter. 


The reason we can answer this question is that right triangles have an additional property that the GRE likes to 
make use of: there is a consistent relationship among the lengths of its sides. This relationship is known as the 
Pythagorean Theorem. For any right triangle, the relationship is a? + 6? = c2, where g and 6 are the lengths of the 


sides touching the right angle, also known as legs, and c is the length of the side opposite the right angle, also known 
as the hypotenuse. 


In the above triangle, sides AB and AC are a and b ( 
= (BCF. 9 + 16 = (BC), so 25 = (BC)?, and the le 


B 


it doesn’t matter which is which) and side BC is e. So (3)? + (4)? 
ngth of side BC is 5. Our triangle really looks like this: 


Finally, the perimeter = 3 + 4 + 5 = 12. 
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Pythagorean Theorem: a? + b? = e? 


What is x? 12 What is w? 
ar+P=c? a+ biz 
10 x? + 6? = 10? 5 52412 =u? 
w 
x=8 13=w 
6 
Pythagorean Triplets 





As mentioned above, right triangles show up in many problems on the GRE, and many of these problems require 
the Pythagorean Theorem. But there is a shortcut that we can use in many situations to make the calculations easier. 


The GRE favors a certain subset of right triangles in which all three sides have lengths that are integer values. The 
triangle we saw above was an example of that. The lengths of the sides were 3, 4 and 5—all integers. This group of 
side lengths is a Pythagorean triplet—a 3-4-5 triangle. Although there is an infinite number of Pythagorean trip- 
lets, a few are likely to appear on the test and should be memorized. For each triplet, the first two numbers are the 
lengths of the sides that touch the right angle, and the third (and largest) number is the length of the hypotenuse. They 


are: 


Common Combinations Key Multiples 
3-4-5 6-8-10 
The most popular of all right triangles 9-12-15 
3? +4 = 5? (9 + 16 = 25) 12-16-20 


5-12-13 


Also quite popular on the GRE 10-24-26 
52 + 122 = 13? (25 + 144 = 169) 
8-15-17 
This one appears less frequently 
82 + 152 = 17? (64 + 225 = 289) 





Warning! Even as you memorize these triangles, don’t assume that all triangles fall into these categories. When using 
common combinations to solve a problem, be sure that the triangle is a right triangle, and that the largest side 
(hypotenuse) corresponds to the largest number in the triplet. For example, if you have a right triangle with one side 
measuring 3 and the hypotenuse measuring 4, DO NOT conclude that the remaining side is 5. 


That being said, let's look at a practice question to see how memorizing these triplets can save us time on the GRE. 


What is the area of triangle DEF? 
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D 


I 
What do we need in order to find the area of triangle DEF? Like any triangle, the formula is area = — (base) x 


(height), so we need a base and a height. This is a right triangle, so sides DE and EF are perpendicular to each other, 
which means that if we can figure out the length of side EF, we can calculate the area. 


The question then becomes, how do we find the length of side EF? First, realize that we can always find the length 
of the third side of a right triangle if we know the lengths of the other two sides. That’s because we know the 
Pythagorean Theorem. In this case, the formula would look like this: (DE)? + (EF)? = (DFY. We know the lengths 
of two of those sides, so we could rewrite the equation as (5)? + (EF)? = (13)?. Solving this equation, we get 25 + 
(EF)? = 169, so (EF)? = 144, which means EF = 12. But these calculations are unnecessary; once you see a right 
triangle in which one of the legs has a length of 5 and the hypotenuse has a length of 13, you should recognize the 
Pythagorean triplet. The length of the other leg must be 12. 

However you find the length of side EF, our triangle now looks like this: 


D 


E 12 F 
Now we have what we need to find the area of triangle DEF. Area = > (12) x (5) = > (60) = 30. Note that in a 


right triangle, you can consider one leg the base and the other leg the height. 


Check Your Skills 


For 13-14, what is the length of the third side of the triangle? For #15, find the area. 
13. 


14, 15. 
a 2 
10 
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17. What is the value of leg B? (pictured right) 


1 


18. Triangle ABC is isosceles. If AB = 3, and BC = 4, what are the possible lengths of AC? 
Answers can be found on page 57. 


Isosceles Triangles and the 45-45-90 Triangle 


As previously noted, an isosceles triangle is one in which two sides are equal. The two angles opposite those two sides 
will also be equal. The most important isosceles triangle on the GRE is the isosceles right triangle. 





An isosceles right triangle has one 90° angle (opposite the hypotenuse) and two 45° angles (opposite the two equal 
legs). This triangle is called the 45-45-90 triangle. 


The lengths of the legs of every 45-45-90 triangle have a specific ratio, which you must memorize: 


45° — 45° — 90° 
leg leg hypotenuse 


1: 1: V2 
: xV 2 





What does it mean that the sides of a 45-45-90 triangle are ina 1:1: V2 ratio? It doesn’t mean that they are 
actually 1, 1, or V2 (although that’s a possibility). It means that the sides are some multiple of 1: 1: V2. For 
instance, they could be 2, 2, and 2V 2, or 5.5, 5.5, and 5.5/2. In the last two cases, the number we multiplied 
the ratio by—either 2 or 5.5—is called the “multiplier.” Using a multiplier of 2 has the same effect as doubling 
a recipe—each of the ingredients gets doubled. Of course you can also triple a recipe or multiply it by any other 
number, even a fraction. 


A 


45° 


45° 
B — C 
Given that the length of side ABis 5, what are the lengths of sides BC and AC? 


Since AB is 5, we use the ratio 1: 1: \/2 for sides AB: BC : AC to determine that the multiplier x is 5. We then 
find that the sides of the triangle have lengths 5 : 5 : 5V 2 Therefore, the length of side BC = 5, and the length of 
side AC = 5V 2 Using the same figure, let’s discuss the following problem. 


Given that the length of side AC is V 18, what are the lengths of sides AB and BC? 
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Since the hypotenuse AC is V18= xV2, we find that x= V18 + V2= V9= 3. Thus, the sides AB and BC are 


each equal to x, or 3. 


One reason that the 45-45-90 triangle is so important is that this triangle is exactly half of a square! That is, two 
45-45-90 triangles put together make up a square. Thus, if you are given the diagonal of a square, you can use the 
4545-90 ratio to find the length of a side of the square. 


x 


Check Your Skills 


19. What is the area of a square with diagonal of 6? 
20. What is the diagonal of a square with an area of 25? 


Answers can be found on pages 57. 


Equilateral Triangles and the 30-60-90 Triangle 
An equilateral triangle is one in which all three sides (and all three angles) are equal. Each angle of an equilateral 


triangle is 60" (because all 3 angles must sum to 180°). A close relative of the equilateral triangle is the 30-60-90 tri- 
angle. Notice that two of these triangles, when put together, form an equilateral triangle: 








ee) 
© 
o 


30° 
hypotenuse 
long 


a 60° 


short 


EQUILATERAL TRIANGLE 30-60-90 TRIANGLE 


The lengths of the legs of every 30-60-90 triangle have the following ratio, which you must memorize: 


30° => 60° => 909° 
short leg long leg hypotenuse 
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Given that the short leg of a 30-60-90 triangle has a length of 6, what are the lengths of the long leg 
and the hypotenuse? 


The short leg, which is opposite the 30 degree angle, is 6. We use the ratio 1 : V3: 2 to determine that the multi- 
plier x is 6. We then find that the sides of the triangle have lengths 6: 6V3:12. The long leg measures 6V 3 and the 


hypotenuse measures 12. 
Given that an equilateral triangle has a side of length 10, what is its height? 


Looking at the equilateral triangle above, we can see that the side of an equilateral triangle is the same as the hypot- 
enuse of a 30-60-90 triangle. Additionally, the height of an equilateral triangle is the same as the long leg of a 
30-60-90 triangle. 


Since we are told that the hypotenuse is 10, we use the ratio x : x3 : 2x to set 2x = 10 and determine that the mul- 
tiplier x is 5. We then find that the sides of the 30-60-90 triangle have lengths 5 : 5V3 : 10. Thus, the long leg has 
a length of 5V3 which is the height of the equilateral triangle. 


If you get tangled up on a 30-60-90 triangle, try to find the length of the short leg. The other legs will then be 
easier to figure out. 


Check Your Skills B 
21. Quadrilateral ABCD (to the right) is composed of four 30-60-90 triangles. if BD = 
10(V3), what is the perimeter of ABCD? 
A C 
22. Each side of the equilateral triangle below is 2. What is the height of the triangle? \ 607/ 


fl 
Answers can be found on page 58. 


Diagonals of Other Polygons 


Right triangles are useful for more than just triangle problems. They are also helpful for finding the diagonals of 
other polygons, specifically squares, cubes, rectangles, and rectangular solids. 


The diagonal of a square can be found using this formula: d = sJ2 , where s is a side of the square. This is also the 
face diagonal of a cube. 


Alternatively, you can recall that any square can be divided into two 45-45-90 triangles, and you can use the ratio 
1:1: ¥2 to find the diagonal. You can also always use the Pythagorean Theorem. 


Given a square with a side of length 5, what is the length of the 
diagonal of the square? 
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Using the formula d= 5/2, we find that the length of the diagonal of the square is 5 V2. 
The main diagonal of a cube can be found using this formula: d= sv3 , where s is an edge of the cube. 


What is the measure of an edge of a cube with f/| ssi 
a main diagonal of length V 60? 
5 
Again, using the formula d= s43 , we solve as follows: 5 
dar A “de 


Thus, the length of the edge of the cube is /20 =2./5. 


To find the diagonal of a rectangle, you must know EITHER the length and 
the width OR one dimension and the proportion of one to the other. 


We will use the rectangle to the left for the next two problems. 


If the rectangle above has a length of 12 and a width of 5, What is the length of the diagonal? 
Using the Pythagorean Theorem, we solve: 


5+12=c? > 254+144=¢2 > c=13 


The diagonal length is 13. 


If the rectangle above has a width of 6, and the ratio of the width to the length is 3 : 4, what is the di- 
agonal? 


In this problem, we can use the ratio to find the value of the length. Using the ratio of 3 : 4 given in this problem, 
we find that the length is 8. Then we can use the Pyth 
6-8-10 


triangle. Either way, we find that the diagonal length is 10. 


agorean Theorem. Alternatively, we can recognize that this is a 


Check Your Skills 


23. What is the diagonal of the rectangle to the right? 


10 
24 
24. If the rectangle to the right has a perimeter of 6, what is its diagonal? 
Answers can be found on page 58. 
2X 
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Check Your Skills Answers 


1. No: If the two known sides of the triangle are 5 and 19, then the third side of the triangle cannot have a length of 
13, because that would violate the rule that any two sides of a triangle must add up to greater than the third side. 5 
+ 13 = 18, and 18 < 19. 





13 5 No possible triangle 


with these lengths. 
19 


2. 9 < third side < 25: If the two known sides of the triangle are 8 and 17, then the third side must be less than 
the sum of the other 2 sides. 8 + 17 = 25, so the third side must be less than 25. The third side must also be greater 
than the difference of the other two sides. 17 — 8 = 9, so the third side must be greater than 9. That means that 9 < 
third side < 25. 


3. 65°: The internal angles of a triangle must add up to 180°, so we know that 40 + 75 + x= 180. Solving for x gives us 


x= 65°. 
75° 
40° 65° 


4. 65°: The 3 internal angles of the triangle must add up to 180°, so 50 + x + x= 180. That means that 2x = 130, and 


x= 65. 
50° 
65° 65° 


5. æ = 70°, y = 80°: In order to determine the missing angles of the triangle, we need to do a little work with the pic- 
ture. We can figure out the value of x, because straight lines have a degree measure of 180, so 110 + x = 180, which 
means x = 70. 





That means our picture looks like this: 


K Ne 


Now we can find y, because 30 + 70 + y = 180. Solving for y gives us y = 80. 


6. 80°: In this triangle, two sides have the same length, which means this triangle is isosceles. We also know that the 
two angles opposite the two equal sides will also be equal. That means that x must be 80. 
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7 V 
80° 80° 


7. 4: In this triangle, two angles are equal, which means this triangle is isosceles. We also know that the two sides 
opposite the equal angles must also be equal, so x must equal 4. 


IN 


8. 110°: This triangle is isosceles, because two sides have the same length. That means that the angles opposite the 


equal sides must also be equal. 
5 = 5 


Now we can find x, because we know 35 + 35 + x= 180. Solving for x gives us x = 110. 


That means our triangle really looks like this: 


9. 25: 


12 


To find the perimeter of the triangle, we add up all three sides. 5 + 8 + 12 = 25, so the perimeter is 25. 


= 16: To find = Ara of the triangle, we need the lengths of all three sides. This is an isosceles triangle, 
ecause tw ; ; 
e Me E ae es are equal. That means that the sides Opposite the equal angles must also be equal. So our triangle 


4 
So the perimeter is 6 + 6 + 4, which equals 16. The perimeter is 16. 


11. 15: The area of a triangle is Lex 


h. i : : 
X 5, which equals 15. 2 n the triangle shown, the base is 6 and the height is 5. So the area is ¿0 
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12. 35: In this triangle, the base is 10 and the height is 7. Remember that the height must be perpendicular to the 


base—it doesn't need to lie within the triangle. So the area is 5 (10) x 7, which equals 35. The area of the triangle is 
35. 


13. 6: This is a right triangle, so we can use the Pythagorean Theorem to solve for the length of the third side. The 
hypotenuse is the side with length 10, so the formula is (8)’ + &? = (10). 64 + 6? = 100. 6? = 36, which means 6= 
6. So the third side of the triangle has a length of 6. Alternatively, you could recognize that this triangle is one of the 
Pythagorean triplets—a 6-8-10 triangle, which is just a doubled 3—4—5 triangle. 


14. 13: This is a right triangle, so we can use the Pythagorean Theorem to solve for the length of the third side. The 
hypotenuse is the unknown side, so the formula is (5)? + (12)? = c?. 25 + 144 =c?. c? = 169, which means c = 13. 
So the third side of the triangle has a length of 13. Alternatively, you could recognize that this triangle is one of the 
Pythagorean triplets—a 5-12-13 triangle. 


15. 6: This is a right triangle, so we can use the Pythagorean Theorem to solve for the third side, or alternatively 
recognize that this is a 3-4-5 triangle. Either way, the result is the same: The length of the third side is 3. 


4 


l l 
Now we can find the area of the triangle. Area of a triangle is > b x h, so the area of this triangle is > (3) x (4), 
which equals 6. The area of the triangle is 6. 


16. 42: Apply the Pythagorean Theorem directly, substituting 1 for A and B, 


Plec 
2=C* 


C= 2 


17. V3: Apply the Pythagorean Theorem directly, substituting 1 for A and 2 for C, 


?+ B=? 
1+B*=4 
B=3 


B= 43 


18. 3 and 4: Since an isosceles triangle has two equal sides, the third side must be equal to one of the two named 
sides. 

19. 18: Let's call the side length of the square x. Thus, the diagonal would be x42. We know the diagonal is 6, so 
x42 = 6. This means os The area is x + x, or EA 
| y2 J2 V2 2 


20. 5/2: If the area is 25, the side length x is 5. Since the diagonal is xV/2, the diagonal is 542 E 
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21. 40: The long diagonal BD is the sum of two long legs of the 30-60-90 triangle, so each long leg is 54/3 . The 
leg-leg-hypotenuse ratio of a 30-60-90 triangle is x : x/3 : 2x, which means that 543 = x43 . Therefore x = 5, so 
the length of the short leg is 5 and the length of the hypotenuse is 10. Since the perimeter of the figure is the sum of 
four hypotenuses, the perimeter of this figure is 40. 


22. V3: The line along which the height is measured in the figure bisects the equilateral triangle, creating two iden- 
tical 30-60-90 triangles, each with a base of 1. The base of each of these triangles is the short leg of a 30-60-90 


triangle. Since the leg : leg : hypotenuse ratio of a 30-60-90 triangle is 1 : NES : 2, the long leg of each 30-60-90 
triangle, and the height of the equilateral triangle, is 3. 


23. 26: The diagonal of the rectangle is the hypotenuse of a right triangle whose legs are the length and width of the 


rectangle. In this case that means that the legs of the right triangle are 10 and 24. Plug these leg lengths into the 
Pythagorean Theorem: 


A’ + B= C? 

E 10428 =C? 

32°) C?= 100 + 576 = 676 
C= 676 =26 


You could use the calculator to take this big square root. 


Alternatively, you could reco 


gnize the 10 : 24 : 26 triangle ltiple of ABs 
and save yourself the trouble g'e (a multiple of the more common 5 : 12: 13 triangle), 


+ 


24. J5: The perimeter of a rectangle is 2(length + width). In this case, that means 2(x + 2x), or 6x. We are told the 
perimeter equals 6, so 6x = 6, and x= 1. Therefore the length (2x) is 2 and the width (x) is 1. The diagonal of the 


rectangle is the hypotenuse of a right triangle whose legs are the length and width of 


lengths into the Pythagorean theorem: the rectangle. Plug the leg 


A? + B= C? 
124 22= C? 
C*=1+4=5 


C= y5 





Pri 


the new standard 











IN ACTION TRIANGLES 8 DIAGONALS PROBLEM SET Chapter 3 


nn NA a 











Problem Set (Note: Figures are not drawn to scale.) 





1 A square is bisected into two equal triangles (see figure to the right). If the length of 


B A 
BD is 16V 2 inches, what is the area of the square? 
2. Beginning in Town A, Biker Bob rides his bike 10 miles west, 3 miles north, 5 miles 
east, and then 9 miles north, to Town B. How far apart are Town A and Town B? 
(Ignore the curvature of the earth.) c D 


3. Now in Town B, Biker Bob walks due west, and then straight north to Town C. If Town B and Town C 
are 26 miles apart, and Biker Bob went 10 miles west, how many miles north did he go? (Again, ignore 
the curvature of the earth.) 


4, The longest side of an isosceles right triangle measures 20V 2. What is the area of the triangle? 


5. A square field has an area of 400 square meters. Posts 


are set at all corners of the field. What is the longest A 
distance between any two posts? 
6. In Triangle ABC, AD = DB = DC (see figure to the right). 
Given that angle DCB is 60° and angle ACD is 20°, what 
is the measure of angle x? a 
7. Two sides of a triangle are 4 and 10. If the third side is a 
B C 


an integer x, how many possible values are there for x? 





8. Jack makes himself a clay box in the shape of a cube, the edges of which are 4 inches long. What is the 
longest object he could fit inside the box (i.e., what is the diagonal of the cube)? 4 i 4 

9. What is the area of an equilateral triangle whose sides measure 8 cm long? \ / \ / 

10. The points of a six-pointed star consist of six identical equilateral triangles, Aà f 
with each side 4 cm (see figure). What is the area of the entire star, including the 
center? N/ 
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11. What is x in the diagram below? 


12 
4% 
4 
EN ae e 
12. 
X 13 
5 
Quantity A Quantity B 
X 12 
13. 
A 
Ni 
B D C 
Quantity A Quantity B 
The perimeter of triangle ABC 
above 
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1. 256 square units: The diagonal of a square is s/2; therefore, the side length of square ABCD is 16. The area of 
the square is s?, or 167 = 256. 


2. 13 miles: If you draw a rough sketch of the path Biker Bob takes, as shown to the 
right, you can see that the direct distance from A to B forms the hypotenuse of a right 
triangle. The short leg (horizontal) is 10 — 5 = 5 miles, and the long leg (vertical) is 9 

+ 3 = 12 miles. Therefore, you can use the Pythagorean Theorem to find the direct dis- 
tance from A to B: 





§*+ 12? = c? 3 mi 
25 + 144 = e? 
c*=169 You might recognize the common right triangle: 
c=13 5-12-13. 


3. 24 miles: If you draw a rough sketch of the path Biker Bob takes, as shown to the right, you can see 
that the direct distance from B to C forms the hypotenuse of a right triangle. 





10? + 6? = 26? 
100 + & = 676 E 
a B 


You might also recognize this as a multiple of the common 5-12-13 triangle. 


4. 200: An isosceles right triangle is a 45-45-90 triangle, with sides in the ratio of 1:1: V2 . If the longest side, 
the hypotenuse, measures 20 V2 , the two other sides each measure 20. Therefore, the area of the triangle is: 


A= bX bh = E = 200 


5: 20 V2: The longest distance between any two posts is the diagonal of the field. If the area of the square field is 
400 square meters, then each side must measure 20 meters. Diagonal = d= s42, so d= 20 V2. 


6. 10: If AD = DB = DC, then the three triangular regions in this figure are all isosceles triangles. Therefore, we can 
fill in some of the missing angle measurements as shown to the right. Since we know that there are 180° in the large 


triangle ABC, we can write the following equation: 
x+x+20 +20 + 60 + 60 = 180 


2x + 160 = 180 
x= 10 


60° 60N 
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7. 7: If two sides of a triangle are 4 and 10, the third side must be greater than 10 — 4 and smaller than 10 +4. 
Therefore, the possible values for x are {7, 8, 9, 10, 11, 12, and 13}. You can draw a sketch to convince yourself of 


this result: 


10 less than 10 + 4 


4 more than 10 — 4 4 10 


8. 4V3: The diagonal of a cube with side s is sV3 Therefore, the longest object Jack could fit inside the 
box would be 4V3 inches long. 


9. 16V/3: Draw in the height of the triangle (see figure). If triangle ABC is an 
equilateral triangle, and ABD is a right triangle, then ABD is a 30-60-90 tri- 
angle. Therefore, its sides are in the ratio of 1: V3 : 2. If the hypotenuse is 8, the 
short leg is 4, and the long leg is 4V3 This is the height of triangle ABC. Find 
the area of triangle ABC with the formula for area of a triangle: 

bxh _ 8X4V3 _ 


A= —— = —— = 
2 2 





10. 48 V3cm*: We can think of this star as a large equilateral triangle with sides a 
12 cm long, and three additional smaller equilateral triangles with sides 4 inches long, Using the same 30-60-90 


logic we applied in problem 49, we can see that the height of the larger equilateral triangle is 6 NE) , and the height of 
the smaller equilateral triangle is 2 B l 


Therefore, the areas of the triangles are as follows: 


h=2W/3 


Large triangle: bxh _12x643 
AS NA 
> > 3643 
: bxh 4x 2/3 
Small triangles: A= === =4,/ 
8 > > 443 


The total area of three smaller triangles and one large triangle is: 
3643 +3(44/3) =48/3 cm, 


11. 36/7: We can calculate the area of the triangle, using the side of length 12 as 
the base: 


l 
a (12)(3) = 18 
Next, we use the side of length 7 as the base and write the equation for the area: 


l 
3 (7)(x) = 18 


Now solve for x, the unknown height. 


7x = 36 

36 

i= 

7 
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You could also solve this problem using the Pythagorean Theorem, but the process is much harder. 


12. D: Although this appears to be a 5 : 12: 13 triangle, we do not know that it is a right triangle. There is no 
“right triangle” symbol in the diagram. Remember, Don’t Trust The Picture! Below are a couple of possible tri- 
angles: 


Therefore we do not have enough information to answer the question. 


13. A: Although there seems to be very little information here, the two small triangles that comprise ABC may seem 
familiar. First, fill in the additional angles in the diagram. 


A 
60° 
1 


E 30° 
B D C 


With the additional angles filled in, it is clear that the two smaller triangles are special right triangles: a 45-45-90 
triangle and a 30-60-90 triangle. We know the ratios of the side lengths for each of these triangles. For a 45-45-90 tri- 
angle the ratio is x: x: x/2 _In this diagram, the value of x is 1 (side AD), so BD is 1 and AB is V2. 

A 





C 


For a 30-60-90 triangle, the ratio is x: ao :2x. In this diagram, x is 1 (side AD), so CD is 3 and AC is 2. 





> 
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Quantity A ity B 
The perimeter of triangle ABC 
above=1+2+ /2 + 43 


Now we need to compare this sum to 5. A good approximation of /2 is 1.4 and a good approximation of V3 is 
1.7. 
Quantity A Quantity B 
1+2+ 42 +43 = 5 


1+2+14+17=51 
Therefore Quantity A is larger. 


=> 
Alternatively, you could use the calculator to compute Quantity A. Saa 
o 


14. C: The diagonal of the rectangle is the hypotenuse of a right triangle whose legs are the length and width of the 


rectangle. In this case we are given the width and diagonal. P 


lug those into the Pythagorean Theorem to determine 
the length: 

A’ + BP = C 

1? + B? = 2? 

1+ B=4 

Bt = 3 


B= 3 


Plug this value into the diagram. 
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V3 


The key to this question is recognizing that each of the triangles are 30-60-90 triangles. Any time you see a right 


triangle and one of the sides has a length of 3 or a multiple of Ja , you should check to see if it is a 30-60-90 tri- 
angle. Another clue is a right triangle in which the hypotenuse is twice the length of one of the sides. 


Now, in addition to the side lengths, you can fill in the values of the angles in this diagram. Angle x is opposite the 
short leg, which means it has a degree measure of 30. Similarly, 2y is opposite the long leg, which means it has a 
degree measure of 60. 


2y = 60 
y = 30 
Quantity A Quantity B 
x = 30 y= 30 


Therefore the two quantities are the same. 
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POLYGONS 


Polygons are a very familiar sight on the GRE. As you saw in the last chapter, many questions about triangles will 
often involve other polygons, most notably quadrilaterals. Mastery of polygons will ultimately involve understanding 
the basic properties, such as perimeter and area, and will also involve the ability to distinguish polygons from other 
shapes in diagrams that include other polygons or circles. 


A polygon is defined as a closed shape formed by line segments. The polygons tested on the GRE include the follow- 


ing: 


e Three-sided shapes (Triangles) 
e Four-sided shapes (Quadrilaterals) 


e Other polygons with n sides (where 7 is five or more) 


This section will focus on polygons of four or more sides. In particular, the GRE emphasizes quadrilaterals—four- 
sided polygons—squares, rectangles, parallelograms, and trapezoids. 


Polygons are two-dimensional shapes—they lie in a plane. The GRE tests your ability to work with different mea- 
surements associated with polygons. The measurements you must be adept with are (1) interior angles, (2) perimeter, 


and (3) area. 


The GRE also tests your knowledge of three-dimensional shapes formed from polygons, particularly rectangular sol- 
ids and cubes. The measurements you must be adept with are (1) surface area and (2) volume. 


Quadrilaterals: An Overview 


yuadrilateralss AN AVE EV QE__ _ _—_><A4AA<A€RTPIlMM= 
The most common polygon tested on the GRE, aside from the triangle, is the quadrilateral (any four-sided polygon). 
Almost all GRE polygon problems involve the special types of quadrilaterals shown below. 


























Parallelogram 
Opposite sides and 
opposite angles are equal. 


Trapezoid 
One pair of opposite 
sides is parallel. In this case, 
the top and bottom sides are 
parallel, but the right and left 


sides are not. 














Rectangle 
All angles are 90°, and 
opposite sides are equal. 


Rectangles are special types of parallelograms, and 
squares are special types of rectangles. 






Square 

All angles are 

90°. All sides are 
equal. 
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Polygons and Interior Angles — 
The sum of the interior angles of a given polygon depends on the number o$ a — e following 
chart displays the relationship between the type of polygon and the sum of its interior angles. 


# of Sid Sum of Interior Angles 
The sum of the interior angles of a polygon follows a Polygon 


specific pattern that depends on n, the number of sides | Triangle 


that the polygon has. This sum is always (n — 2) x 180 | Quadrilateral : 
(where » is the number of sides), because the polygon Pentagon f 
can be cut into (» — 2) triangles, each of which Hexagon 





contains 180°. 


(z — 2) x 180 = Sum of Interior Angles of a Polygon 


If you forget this formula, you can always say “okay, a triangle has 180°, 
a rectangle has 360°,” and so on. Add 180° for each new side. 





Since this polygon has four sides, the sum of its interior angles is 
(4 — 2)180 = 2(180) = 360°. 





Alternatively, note that a quadrilateral can be cut into two triangles by a line connecting opposite corners. Thus, the 
sum of the angles = 2(180) = 360°. 


If a polygon has six sides, as in the figure below, the sum of its interior angles 
would be (6 — 2)180 = 4(180) = 720°. 


Alternatively, note that a hexagon can be cut into four triangles by three lines con- 
necting corners. 


Thus, the sum of the angles = 4(180) = 720°. 





By the way, the corners of polygons are also known as 
vertices (singular: vertex). 


Check Your Skills 


hexagon (six-sided polygon)? 
Answers can be found on page 81. 
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Polygons and Perimeter 


AVIDAS o 
The perimeter refers to the distance around a polygon, or the sum of the lengths of all the sides. The amount of 
fencing needed to surround a yard would be equivalent to the perimeter of that yard (the sum of all the sides). 


9 
The perimeter of the pentagon to the right is: 
9+7+4+6+5=31. 5 7 
6 
4 
Check Your Skills 
12" 12" 
8.5" 8.5" 
17" 


3. The figure above represents a standard baseball home plate. What is the perimeter of this figure? 
Answers can be found on page 81. 


Polygons and Area 


The area of a polygon refers to the space inside the polygon. Area is measured in square units, such as cm? (square cen- 
timeters), m? (square meters), or ft” (square feet). For example, the amount of space that a garden occupies is the area of 





that garden. 


On the GRE, there are two polygon area formulas you MUST know: 


1) Area of a TRIANGLE = Base Height 


The height ALWAYS refers to a line that is perpendicular (at a 90° angle) to the base. 


In this triangle, the base is 6 and the height (perpendicular to the base) is 8. 
The area = (6 X 8) + 2 = 48 + 2 = 24. 


5 10 
2) Area of a RECTANGLE = Length x Width 
13 
The length of this rectangle is 13, and 6 
i the width is 4. Therefore, the area = 


13 X 4 = 52. 
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The GRE will occasionally ask you to find the area of a polygon more complex than a simple triangle or rectangle. 
The following formulas can be used to find the areas of other types of quadrilaterals: 


3) Area of a TRAPEZOID = eee tass, x Height á 

Note that the height refers to a line perpendicular to the two bases, which are parallel. 

(You often have to draw in the height, as in this case.) In the trapezoid shown, base = 10 10 
18, base, = 6, and the height = 8. The area = (18 + 6) X 8 + 2= 96. Another way to 

think about this is to take the average of the two bases and multiply it by the height. 


E 
18 
4) Area of any PARALLELOGRAM = Base X Height 
Note that the height refers to the line perpendicular to the base. (As with the trapezoid, you 6 
often have to draw in the height.) In the parallelogram shown, the base = 5 and the height = 8. 
Therefore, the area is 5 X 8 = 40. — 


A 


Although these formulas are very useful to memorize for the GRE, you may notice that all of the 
above shapes can actually be divided into some combination of rectangles and right triangles. Therefore, if you forget 


the area formula for a particular shape, simply cut the shape into rectangles and right triangles, and then find the areas 
of these individual pieces. For example: 












into 2 right 
triangles and 
I rectangle. 


This trapezoid... can be cut... 












3 Dimensions: Surface Area 


The GRE tests two particular three-dimensional shapes formed from polygons: the rectangular solid and the cube. 
Note that a cube is just a special type of rectangular solid. 


A MEA cl a 


4 RECTANGULAR SOLID CUBE 





y, 
7 DA LS 


The surf: di ; 

blico eos of a dimensional shape is the amount of space on the surface of that particular object. For 

e en be : ei E t would take to fully cover a rectangular box could be determined by finding the 
0%. ds with simple area, surface area is measured in square units such as inches? (square inches) 


or ft? (square feet), 
Surface Area = the SUM of the areas of ALL of the faces 


q n RE pr 
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Both a rectangular solid and a cube have six faces. 


To determine the surface area of a rectangular solid, you must find the area of each face. Notice, however, that in a 
rectangular solid, the front and back faces have the same area, the top and bottom faces have the same area, and the 
two side faces have the same area. In the solid above, the area of the front face is equal to 12 X 4 = 48. Thus, the 
back face also has an area of 48. The area of the bottom face is equal to 12 X 3 = 36. Thus, the top face also has an 
area of 36. Finally, each side face has an area of 3 X 4= 12. Therefore, the surface area, or the sum of the areas of all 
six faces equals 48(2) + 36(2) + 12(2) = 192. 


To determine the surface area of a cube, you only need the length of one side. We can see from the cube above that 
a cube is made of six identical square surfaces. First, find the area of one face: 5 X 5 = 25. Then, multiply by six to 
account for all of the faces: 6 X 25 = 150. 


Check Your Skills 


4. The figure to the left shows two wooden cubes joined to form a rec- 
tangular solid. If each cube has a surface area of 24, what is the sur- 
face area of the resulting rectangular solid? 

Answers can be found on page 81. 





3 Dimensions: Volume 


The volume of a three-dimensional shape is the amount of “stuff” it can hold. For example, the amount of liquid 
that a rectangular milk carton holds can be determined by finding the volume of the carton. Volume is measured in 
cubic units such as inches? (cubic inches) or ft? (cubic feet). 








y NS 
4 RECTANGULAR SOLID premsa |) CUBE 
nn | 


12 5 


Volume = Length X Width X Height 


By looking at the rectangular solid above, we can see that the length is 12, the width is 3, and the height is 4. 
Therefore, the volume is 12 X 3 X 4= 144. 


In a cube, all three of the dimensions—length, width, and height—are identical. Therefore, knowing the measure- 


ment of just one side of the cube is sufficient to find the volume. In the cube above, the volume is 5 X 5 X 5 = 125. 


Check Your Skills 


5. The volume of a rectangular solid with length 8, width 6, and height 4 is how many times the volume of a 


rectangular solid with length 4, width 3, and height 2? 
| Answers can be found on page 81. 











Chapter 4 POLYGONS STRATEGY | 


Quadrilaterals 


A quadrilateral is any figure with 4 sides. The GRE largely deals with one class of quadrilaterals known =: parallelo- 
grams. A parallelogram is any 4 sided figure in which the opposite sides are parallel and equal and opposite angles are 
equal. This is an example of a parallelogram. 


A B 


D C 


In this figure, sides AB and CD are parallel and have equal lengths, sides AD and BC are parallel and equal length, 
angles ADC and ABC are equal and angles DAB and DCB are equal. 


A B A B 
Use hash marks Use arrows to 
to indicate equal indicate parallel 
lengths or equal lines. 
angles. 
D C D C 


Any quadrilateral with two sets of opposite and equal sides is a parallelogram, as is any quadrilateral with two sets of 
opposite and equal angles. 


An additional property of any parallelogram is that the diagonal will divide the parallelogram into 2 equal triangles. 
A B A B A B 
D C D C D C 
Triangle ABD = Triangle BCD Triangle ADC = Triangle ABC The diagonals also cut 


each other in half (bisect 
each other) 


For any parallelogram, the perimeter is the sum of the len 
(height). With parallelograms, as with triangles, it is imp 
perpendicular to one another. 


gths of all the sides and the area is equal to (base) x 
ortant to remember that the base and the height MUST be 


É 8 F 


w 
G 


In this parallelogram, what is the perimeter, and what is the area? The perimeter is the sum of the sides, so it’s 6 + 8 


+ 6 +8 = 28. Alternati ly, 
eae crnatively, you can use one of the Properties of parallelograms to calculate the perimeter in a differ- 
o igi | RE Pr 
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We know that parallelograms have two sets of equal sides. In this parallelogram, two of the sides have a length of 6, 
and two of the sides have a length of 8. So the perimeter equals 2 x 6 + 2 x 8. We can factor out a 2, and say that 
perimeter = 2 X (6 + 8) = 28. 


To calculate the area, we need a base and a height. It might be tempting to say that the area is 6 x 8 = 48. But the 
two sides of this parallelogram are not perpendicular to each other. The dotted line drawn into the figure, however, 
is perpendicular to side HG. The area of parallelogram EFGH is 8 x 4 = 32. 


Check Your Skills 


6. What is the perimeter of the parallelogram? y) 


10 


7. What is the area of the parallelogram? 
E 
9 


Answers can be found on page 81. 


Rectangles 


Rectangles are a specific type of parallelogram. Rectangles have all the same properties as parallelograms, with one 
additional property—all four internal angles of a rectangle are right angles. Additionally, with rectangles, we refer to 
one pair of sides as the length and one pair of sides as the width. 


A length B 


The formula for the perimeter of a rectangle is the same as for the perimeter of a parallelogram—either sum the lengths 


of the four sides or add the length and the width and multiply by 2. 


The formula for the area of a rectangle is also the same as for the area of a parallelogram, but for any rectangle, the 
length and width are by definition perpendicular to each other, so you don’t need a separate height. For this reason, 
the area of a rectangle is commonly expressed as (length) x (width). 


Let’s practice. For the following rectangle, find the perimeter and the area. 


A B 
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Let's start with the perimeter. Again, we can either fill in the missing sides and add them all up, or recognize that we 
have two sides with a length of 5 and two sides with a length of 7. Therefore, perimeter = 2 x (5 +7), which equals 24, | 


Alternatively, 5 + 5 +7 +7 also equals 24. 


Now to find the area. The formula for area is (length) x (width). For the purposes of finding the area, it is irrelevant 
which side is the length and which side is the width. If we make AD the length and DC the width, then the area = 
(5) x (7) = 35. If, instead, we make DC the length and AD the width, then we have area = (7) x (5) = 35. The only 


thing that matters is that we choose two sides that are perpendicular to each other. 


Check Your Skills 


Find the area and perimeter of each rectangle, 


8. | 9. B C Answers can be found on pages 81-82 
3 


7 


Sq uares 


e riega type of rectangle warrants mention—the square. A Square is a rectangle in which the lengths of all 
= sides are equal. Everything that is true of rectangles is true of Squares as well. What this means is that knowing 
only one side of a square is enough to determine the perimeter and area of a Square 


For ¡ l 
or instance, if we have a square, and we know that the length of one of its sides is 3, we know that all 4 sides have a 


length of 3. 
3 


3 


3, which equals 12. Alt i ; 
of a square, you can multiply that length by 4 to find de pa "$ you know the length of one side 


To find 
O find the area, we use the same formula as for a rectangle—Area = (length) x (width). But, because the shape is 


a square, we know that the length and the wi 
do Ini this a a | e width are equal. Therefore, we can say that the area of a square is Área = 


Pr 
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Maximum Area of Polygons 


In some problems, the GRE may require you to determine the maximum or minimum area of a given figure. 
Following a few simple shortcuts can help you solve certain problems quickly. 


Maximum Area of a Quadrilateral 


Perhaps the best-known maximum-area problem is one which asks you to maximize the area of a quadrilateral 
(usually a rectangle) with a fixed perimeter. If a quadrilateral has a fixed perimeter, say, 36 inches, it can take a variety 


of shapes: 
9" 
l pa 
1 7" , 
S.Ct" 2 
Area = 17 square inches 


Area = 72 square inches Area = 81 square inches 


Of these figures, the one with the largest area is the square. This is a general rule: Of all quadrilaterals with a given 
perimeter, the SQUARE has the largest area. This is true even in cases involving non-integer lengths. For instance, 
of all quadrilaterals with a perimeter of 25 feet, the one with the largest area is a square with 25/4 = 6.25 feet per side. 


This principle can also be turned around to yield the following corollary: Of all quadrilaterals with a given area, 
the SQUARE has the minimum perimeter. 


Both of these principles can be generalized for polygons with » sides: a regular polygon with all sides equal and all 


angles equal will maximize area for a given perimeter and minimize perimeter for a given area. 


Maximum Area of a Parallelogram or Triangle 





Another common optimization problem involves maximizing the area of a triangle or parallelogram with given side 


lengths. 


For instance, there are many triangles with two sides 3 and 4 units long. Imagine that the two sides of length 3 and 4 
are on a hinge. The third side can have various lengths: 


i IX ZN 


4 


There are many corresponding parallelograms with two sides 3 and 4 units long: 
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The area of a triangle is given by A= = bh, and the area of a parallelogram is given by A= bh. Because both of these 
formulas involve the perpendicular height 4, the maximum area of each figure is achieved when the 3-unit side is 
perpendicular to the 4-unit side, so that the height is 3 units. All the other figures have lesser heights. (Note that in 


this case, the triangle of maximum area is the famous 3-4-5 right triangle.) If the sides are not perpendicular, then 


the figure is squished, so to speak. 


The general rule is this: if you are given two sides of a triangle or parallelogram, you can maximize the area by 
placing those two sides PERPENDICULAR to each other. 
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Check Your Skills Answers 


1. 1,080: One way to calculate the sum of the interior angles of a polygon is by applying the formula 
(n — 2)180 = Sum of the interior angles, where n is the number of sides. Substituting 8 for n yields: 
Sum of the interior angles = (8 — 2)180 

= (6)180 

= 1,080 


2. 120: Since each interior angle is the same, we can determine the angle of any one by dividing the sum of the inte- 
rior angles by 6 (the number of interior angles). Use the formula (7 — 2)180 = Sum of the interior angles, where » is 
the number of sides. Substituting 6 for » yields: Sum = (4)180 = 720. Divide 720 by 6 to get 120. 


3. 58: The sum of the five sides is 58". It is simplest to arrange them as 12 + 12 + 17 + (8!/ + 8!/2) = 12 + 12 + 17 
+ 17 = 58. 


4. 40: Since the surface area of a cube is 6 times the area of one face, each square face of each cube must have an area 
of 4. One face of each cube is lost when the two cubes are joined, so the total surface area of the figure will be the sum 
of the surface areas of both cubes minus the surface areas of the covered faces. 


Each cube has surface area of 24, so the total surface area is 48. Subtract the surface area of each covered face (4). 


48 — 2(4) = 40. 
5. 8: The volume of a rectangular solid is the product of its three dimensions, length, width, and height. 
8 x 6 x 4 = 192 and 4 x 3 xX 2 = 24 


= = 8, so the volume of the larger cube is 8 times the volume of the smaller cube. 


6. 32: In parallelograms, opposite sides have equal lengths, so we know that two of the sides of the parallelogram 
have a length of 6 and two sides have a length of 10. 


10 


=) 
a 


10 
So the perimeter is 6 + 10 + 6 + 10, which equals 32. 


7. 36: Area of a parallelogram is 6 x h. In this parallelogram, the base is 9 and the height is 4, so the area is (9) x (4), 
which equals 36. The area of the parallelogram is 36. 


8. 20, 21: In rectangles, opposite sides have equal lengths, so our rectangle looks like this: 
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So the perimeter is 3 + 7 + 3 +7, which equals 20. The area of a rectangle is b x h, so the area is (7) x (3), which 
equals 21. So the perimeter is 20, and the area is 21. 


9. 28, 48: To find the area and perimeter of the rectangle, we need to know the length of either side AB or side CD. 
The diagonal of the rectangle creates a right triangle, so we can use the Pythagorean Theorem to find the length of 
side CD. Alternatively, we can recognize that triangle ACD is a 6-8-10 triangle, and thus the length of side CD is 8. 
Either way, our rectangle now looks like this: 


B 6__C 
8 8 
A 6 D 


So the perimeter of the rectangle is 6 + 8 + 6 + 8, which equals 28. The area is (6) x (8), which equals 48. 
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Problem Set (Note: Figures are not drawn to scale.) 





1. 


10. 


11. 


12. 


Frank the Fencemaker needs to fence in a rectangular yard. He fences in the entire yard, except for 
one 40-foot side of the yard. The yard has an area of 280 square feet. How many feet of fence does 
Frank use? 


2 
A pentagon has three sides with length x, and two sides with the length 3x. If xis = of an inch, what is 
the perimeter of the pentagon? 3 


A B 
ABCD is a quadrilateral, with AB parallel to CD (see figure). Eis a 
point between C and D such that AE represents the height of ABCD, 
and E is the midpoint of CD. If AB is 4 inches long, AE is 5 inches long, 
and the area of triangle AED is 12.5 square inches, what is the area of 
ABCD? > 
D E C 


A rectangular tank needs to be coated with insulation. The tank has dimensions of 4 feet, 5 feet, and 
2.5 feet. Each square foot of insulation costs $20. How much will it cost to cover the surface of the tank 
with insulation? 


Triangle ABC (see figure) has a base of 2y, a height of y, and an area of 49. g 
What is y? 






y 


40 percent of Andrea’s living room floor is covered by a carpet that is 4 ml 


feet by C 2y A 
9 feet. What is the area of her living room floor? 


if the perimeter of a rectangular flower bed is 30 feet, and its area is 44 square feet, what is the length 
of each of its shorter sides? 


There is a rectangular parking lot with a length of 2x and a width of x. What is the ratio of the perim- 
eter of the parking lot to the area of the parking lot, in terms of x? 


A rectangular solid has a square base, with each side of the base measuring 4 meters. If the volume of 
the solid is 112 cubic meters, what is the surface area of the solid? 


A swimming poo! has a length of 30 meters, a width of 10 meters, and an average depth of 2 meters. If 
a hose can fill the pool at a rate of 0.5 cubic meters per minute, how many hours will it take the hose 


to fill the pool? 


A Rubix cube has an edge 5 inches long. What is the ratio of the cube’s surface area to its volume? 


If the length of an edge of Cube A is one third the length of an edge of Cube B, what is the ratio of the 


volume of Cube A to the volume of Cube B? 














ane 
> 
fh 
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13. ABCD is a square picture frame (see figure). EFGH is a square inscribed with- A 3 


in ABCD as a space for a picture. The area of EFGH (for the picture) is equal 
to the area of the picture frame (the area of ABCD minus the area of EFGH). 
if AB = 6, what is the length of EF? 





14. What is the maximum possible area of a quadrilateral with a perimeter of 80 
centimeters? 


15. What is the minimum possible perimeter of a quadrilateral with an area of 1,600 square feet? 


16. What is the maximum possible area of a parallelogram with one side of length 2 meters and a perim- 
eter of 
24 meters? 


17. What is the maximum possible area of a triangle with a side of length 7 units and another side of 
length 
8 units? 


18. The lengths of the two shorter legs of a right triangle add up to 40 units. What is the maximum pos- 
sible area of the triangle? 


19. 
Quantity A Quantity B 
The surface area in square inches of The volume in cubic inches of 
a cube with edges of length 6 a cube with edges of length 6 
20. 
Quantity A Quantity B 
The total volume of 3 cubes with The total volume of 2 cubes with 
edges of length 2 edges of length 3 
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21. 





PS 
6 


The large rectangular solid above 
is formed by binding together nine 
identical rectangular rods, as shown. 


Quantity A Quantity B 


The combined surface area of four 
of the individual, identical 
rectangular rods. 


The surface area of the large 
rectangular solid 
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1. 54 feet: We know that one side of the yard is 40 feet long; let us call this the length. We also know that the area 
of the yard is 280 square feet. In order to determine the perimeter, we must know the width of the yard. 


A=lxuw 
280 = 40w 
w = 280 + 40 =7 feet 


Frank fences in the two 7-foot sides and one of the 40-foot sides. 40 + 2(7) = 54. 
2. 6 inches: The perimeter of a pentagon is the sum of its five sides: x + x + x + 3x + 3x = 9x. If x is = of an inch, 
the perimeter is 5 , or 6 inches. 


3. 35 in’: If E is the midpoint of CD, then CE = DE = x. We can determine the length of x by using what we 
know about the area of triangle AED. 


oe 
2 2 
25 = 5x Therefore, the length of CD is 2x, or 10. 
x=5 

To find the area of the trapezoid, use the formula: 4 = b +b, xh 

_4t10, 5 
2 

= 35 in? 


4. $1,700: To find the surface area of a rectangular solid, sum the individual areas of all six faces: 


Top and Bottom: 5X4 =20 > 2X20 =40 
Side 1: 5x25=125 > 2X12.5=25 
Side 2: 4x25=10 > 2X10 =20 


40 +25 + 20 = 85 fr’ 


Covering the entire tank will cost 85 X $20 = $1,700. 


5. 7: The area of a triangle is equal to half the base times the height. Therefore, we can write the following rela- 


tionship: 


219) — 49 
2 

y =49 

Pe 


6. 90 fe: The area of the carpet is equal to 1X w, or 36 ft?. Set up a percent table or a proportion to find the area 
of the whole living room floor: 
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40 _ 36 Cross-multiply to solve. 
100 x 
E 40x = 3600 
go x = 90 ft? 


7. 4: Set up equations to represent the area and perimeter of the flower bed: 


A=lXuw P=2(1+ w) 


Then, substitute the known values for the variables A and P: 


44=/Xw 30 = 2(/ + w) 


Solve the two equations with the substitution method: 


j= 
w 
30=2 E + v] 
w 
88 , . w 
30 =—+2w Multiply the entire equation by a 
w 
15w = 44+ w? Solving the quadratic equation yields two solutions: 4 and 
11. Since we are looking only for the length of the shorter 
w*—15w+44=0 


side, the answer is 4. 


(w-1D(w-4)=0 
w = {4, 11) 


Alternatively, you can arrive at the correct solution by picking numbers. What length and width add up to 15 (half 


of the perimeter) and multiply to produce 44 (the area)? Some experimentation will demonstrate that the longer side 
must be 11 and the shorter side must be 4. 


8. 2 If the length of the parking lot is 2x and the width is xX, we can set up a fraction to represent the 
ratio of the perimeter to the area as follows: 


perimeter 2(2x+ x) _6x 3 


n a 


area (2x)(x) 2x2 ~ x 


9. 144 m’: The volume of a rectangular solid equals (length) X (width) x (height). If we know that the length and 


width are both 4 meters long, we can substitute values into the formulas as shown: 


112=4Xx4xXxp 
h=7 
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To find the surface area of a rectangular solid, sum the individual areas of all six faces: 


Top and Bottom: 4X4=16 — 2 Xx 16= 32 
Sides: 4 Xx 7=28 — 4X 28=112 
32 + 112 = 144 m? 


10. 20 hours: The volume of the pool is (length) X (width) X (height), or 30 X 10 X 2 = 600 cubic meters. Use 
a standard work equation, RT = W, where W represents the total work of 600 mi. 


0.51 = 600 
t= 1,200 minutes Convert this time to hours by dividing by 60: 1,200 + 60 = 20 hours. 


11. £. To find the surface area of a cube, find the area of 1 face, and multiply that by 6: 6(5°) = 150. 


To find the volume of a cube, cube its edge length: 5? = 125. 
6 


The ratio of the cube’s surface area to its volume, therefore, is = , or —. 


5 
12. 1 to 27: First, assign the variable x to the length of one side of Cube A. Then the length of one side of Cube B 


is 3x. The volume of Cube A is x3. The volume of Cube B is (3x)?, or 27x7”. 


x? 


Therefore, the ratio of the volume of Cube A to Cube B is 





or 1 to 27. You can also pick a number 
Es 


for the length of a side of Cube A and solve accordingly. 


13. 3,/2: The area of the frame and the area of the picture sum to the total area of the image, which is 6?, or 36. 
Therefore, the area of the frame and the picture are each equal to half of 36, or 18. Since EFGH is a square, the 


length of EF is J18, or 3/2. 


14. 400 cm?: The quadrilateral with maximum area for a given perimeter is a square, which has four equal sides. 
Therefore, the square that has a perimeter of 80 centimeters has sides of length 20 centimeters each. Since the area 
of a square is the side length squared, the area = (20 cm)(20 cm) = 400 cm?. 


15. 160 ft: The quadrilateral with minimum perimeter for a given area is a square. Since the area of a square is the 
side length squared, we can solve the equation x? = 1,600 ft? for the side length x, yielding x = 40 ft. The perimeter, 


which is four times the side length, is (4)(40 ft) = 160 ft. 


16. 20 m?: If one side of the parallelogram is 2 meters long, then the opposite side must also be 2 meters long. We 
can solve for the unknown sides, which are equal in length, by writing an equation for the perimeter: 24 = 2(2) + 

2x, with x as the unknown side. Solving, we get x = 10 meters. The parallelogram with these dimensions and maxi- 
mum area is a rectangle with 2-meter and 10-meter sides. Thus the maximum possible area of the figure is (2 m)(10 


m) = 20 n?. 
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17. 28 square units: A triangle with two given sides has maximum area if these two sides are placed at right 
angles to each other. For this triangle, one of the given sides can be considered the base, and the other side 
can be considered the height (because they meet at a right angle). Thus we plug these sides into the formula 


l l 
=—bh: A=— 8) = 28. 
A z Oh z M8) 


18. 200 square units: You can think of a right triangle as half of a rectangle. 

Constructing this right triangle with legs adding to 40 is equivalent to constructing the rect- 
angle with a perimeter of 80. Since the area of the triangle is half that of the rectangle, you 
can use the previously mentioned technique for maximizing the area of a rectangle: of all 
rectangles with a given perimeter, the square has the greatest area. The desired rectangle is 





1 
thus a 20 by 20 square, and the right triangle has area A (20)(20) = 200 units. 


19. C: The surface area of a cube is 6 times e, where e is the length of each edge (that is, the surface area is the num- 
ber of faces times the area of each face). Apply this formula to Quantity A. 


Quantity A uantity B 
The surface area in square inches 


of a cube with edges of length 6 = The volume in cubic inches 


6 x (6 x 6) of a cube with edges of length 6. 


The volume of a cube is &, where e is the length of each edge. Apply this formula to Quantity B. 
uantity A uantity B 
6x (6x6) The volume in cubic inches of a cube 
with edges of length 6 = 6 x 6 x 6 
lt is not generally the case that the volume of a cube in cubic units is equal to the surface area of the cube in square 
inches; they are only equal when the edge of the cube is of length 6. In this case, the two quantities are equal. 
20. B: The volume of a cube is 2, where e is the length of each edge. Apply this formula to each quantity. 
Quantity A uantity B 
The total volume of 3 cubes with 


edges of length 2 = 
3 x (23) = 24 


The total volume of 2 cubes 
with edges of length 3 = 
2 x (3°) = 54 


Quantity B is larger. 


21. A: A rectangular solid has three pairs of opposing equal faces, 
solid (length x width; length x height; height x width). The total 


surface areas of those three pairs of opposing sides. 


each pair representing two of the dimensions of the 
surface area of a rectangular solid is the sum of the 





Pr 
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According to the diagram, the dimensions of each rod must be 1 x 1 x 6. So each of the rods described in Quantity 
A has a surface area of: 


2(1 x 1)+2(1 x 6)+2(1 x6), or 2[(1x1)+(1x6)+(1x6)] 


That is, each rod has a total surface area of 26, and the four rods together have a surface area of 4 x 26 = 104. 


uantity A Quantity B 
The combined surface area of four The surface area of the large 
of the identical rectangular rods = 104 rectangular solid. 


The large rectangular solid has a total surface area of: 
2(3 x 3) + 2(3 x 6) + 2(3 x 6), or 90. 
uantity A Quantity B 


The surface area of the large rectangu- 
lar solid = 90 


Quantity A is larger. 
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In This Chapter... 





e The Basic Elements of a Circle 
e Sectors 

e Inscribed vs. Central Angles 

¢ Inscribed Triangles 

¢ Cylinders and Surface Area 


¢ Cylinders and Volume 
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The Basic Elements of a Circle 


A circle is a set of points that are all the same distance from a central point. By definition, every circle has a center. 
Although the center is not itself a point on the circle, it is nevertheless an important component of the circle. The 
radius of a circle is defined as the distance between the center of the circle and a point on the circle. The first thing 


to know about radii is that any line segment connecting the center of the circle (usually labeled O) and any point on the 
circle is a radius (usually labeled 7). All radii in the same circle have the same length. 
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We'll discuss the other basic elements by dealing with a particular circle. Our circle will have a radius of 7, and we'll 
see what else we can figure out about the circle based on that one measurement. As you'll see, we'll be able to figure 
out quite a lot. 


Once we know the radius, the next easiest piece to figure out is the diameter. The diameter passes through the cen- 
ter of a circle and connects 2 opposite points on the circle. 


diameter 


One way of thinking about the diameter (usually referred to as d) is that it is 2 radii laid = A = pa 
will always be exactly twice the length of the radius. This relationship can be expressed as 4 = 2r. 1 ha 


circle with radius 7 has a diameter of 14. | 
easurement—the circumference. Circumference (usually referred to as C) is 


Now it’s time for our next important m 


| i is that it’s the perimeter of a circle. 
a measure of the distance around a circle. One way to think about circumference p 
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As it happens, there is a consistent relationship between the circumference and the diameter of any circle. If you were 
to divide the circumference by the diameter, you would always get the same number—3.14... (the number is actu- 
ally a non-repeating decimal, so it’s usually rounded to the hundredths place). You may be more familiar with this 
number as the Greek letter 7 (pi). To recap: 


circumference 
— = RE. Or td =C. 


diameter 


In our circle with a diameter of 14, the circumference is m™(14) = 147. The vast majority of questions that involve circles 
and 7 will use the Greek letter rather than the decimal approximation for 7. Suppose a question about our circle with 
radius 7 asked for the circumference. The correct answer would read 147, rather than 43.96 (which is 14 x 3.14). It’s 
worth mentioning that another very common way of expressing the circumference is that twice the radius times 7 also 
equals C, because the diameter is twice the radius. This relationship is commonly expressed as C= 27r. As you prepare 
for the GRE, you should be comfortable with using either equation. 


There is one more element of a circle that you'll need to be familiar with, and that is area. The area (usually referred 


to as A) is the space inside the circle. 


Once again, it turns out that there is a consistent telationship between the area of a circle and its diameter (and 
radius). If hy know the radius of the circle, then the formula for the area is A = 7rr?. For our circle of radius 7, the 
area is 7(7)? = 497, To recap, once we know the radius, we are able to determine the diameter, the circumference, 







and the area. 
C= 147 
A= 497 
tico corn arc BS! ar 
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+ e « > a 
These relationships are true of any circle. What’s more, if you know any of these values, you can determine the rest. 


In fact, the ability to use one element of a circle to determine another is one of the most important skills for answer- 
ing questions about circles. 


To demonstrate, we'll work through another circle, but this time we know that the area of the circle is 3677. Well, we 
know the formula for the area, so let’s start by plugging this value into the formula. 


367 = Tr” 
Now we can solve for the radius by isolating r. 


C = circumference 


the distance around a circle 
C=rxd 


d = diameter 


the distance across a circle 
d=2Xr 


r= radius 


half the distance across a circle 





A= area 
area of the circle 





367 = nr? Divide by 7 
36 = r? Take the square root of both sides 
6=r 


Now that we know the radius, we can simply multiply it by 2 to get the diameter, so our diameter is 12. Finally, to 
find the circumference, simply multiply the diameter by m, which gives us a circumference of 127. 


Check Your Skills 


1. The radius of a circle is 7. What is the area? 
2. The circumference of a circle is 177. What is the diameter? 


3. The area of a circle is 257. What is the circumference? 
Answers can be found on page 103. 
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Sectors 


Let’s continue working with our circle that has an area of 367. But now, let’s cut it in half and make it a semicircle. 
Any time you have a fractional portion of a circle, it’s known as a sector. 





| 


What effect does cutting the circle in half have on the basic elements of the circle? The diameter stays the same, as 
does the radius. But what happened to the area and the circumference? They’re also cut in half. So the area of the 
semicircle is 187 and the circumference is 67. When dealing with sectors, we call the portion of the circumference 


that remains the arc length. So the arc length of this sector is 67. 


In fact, this rule applies even more generally to circles. If, instead of cutting the circle in half, we had cut it into 
1/4’s, each piece of the circle would have 1/4 the area of the entire circle and 1/4 the circumference. 


1/4 of 
whole 
circle 


Now, on the GRE, you’re unlikel 
circles that becomes relevant when you are dealing with sectors, 


and that is the central angle. The central angle of 
k at the quarter circle. Normally, there are 360° in 


i the 2 radii? The same thing that happens to area and 
circumference happens to the central angle. It is now 1/4th of 360°, which is 90°. 


1_ 90 
4 360° 


Let’s see how we can use the central an 
use the circle with area 367, but now 


gle to determine sector area and arc length. For our next example, we will still 
the sector will have a central angle of 60°. 
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/ 


We need to figure out what fractional amount of the circle remains if the central angle is 60°. If 360° is the whole 
amount, and 60° is the part, then 60/360 is the fraction we're looking for. 60/360 reduces to 1/6. That means a 


sector with a central angle of 60° is 1/6th of the entire circle. If that's the case, then the sector area is > x (Area of 


circle) and arc length is > x (Circumference of circle). So: 
Sector Area =- x (367) = 6r 


Arc Length = x (127) = 27 


6 


= 


0° _ Sector Área _ Arc Length 
360° 


1 
6 ~ Circule Area Circumference 


> 


In our last example, we used the central angle to find what fractional amount of the circle the sector was. But any of 
the three properties of a sector (central angle, arc length and area) could be used if you know the radius. 


Let's look at an example. 
A sector has a radius of 9 and an area of 277. What is the central angle of the sector? 


We still need to determine what fractional amount of the circle the sector is. This time, however, we have to use the 
area to figure that out. We know the area of the sector, so if we can figure out the area of the whole circle, we can fig- 


ure out what fractional amount the sector is. 


We know the radius is 9, so we can calculate the area of the whole circle. Area = Trr?, so Area = 1(9)? = 817. ae = > 


so the sector is 1/3 of the circle. The full circle has a central angle of 360, so we can multiply that by 1/3. 1/3 x 360 = 120, 


so the central angle of the sector is 120°. 


1 120 27% (sector area) 
3 360 81r (circle area) 








WA 


rmining what fraction of the circle 
ough info to calculate one of the fol- 


Let's recap what we know about sectors. Every question about sectors involves dete 
the sector is. That means that every question about sectors will provide you with en 


lowing fractions: 


central angle sector area arc length — 


360 circle area circumference 











Once you know any of those fractions, you know them all, and you can find the value of any piece of the sector or 


the original circle. 
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Check Your Skills 


4. A sector has a central angle of 270° and a radius of 2. What is the area of the sector? 

9. A sector has an arc length of 47 and a radius of 3. What is the central angle of the sector? 

6. A sector has an area of 407 and a radius of 10. What is the arc length of the sector? 
Answers can be found on page 103. 


Inscribed vs. Central Angles 


Thus far, in dealing with arcs and sectors, we have referred to the concept of a central angle. A central angle is 
defined as an angle whose vertex lies at the center point of a circle. As we have seen, a central angle defines both an 
arc and a sector of a circle. 


Another type of angle is termed an inscribed angle. An inscribed angle has its vertex on the circle itself (rather than 


on the center of the circle). The following diagrams illustrate the difference between a central angle and an inscribed 


angle. 
B B B 
A A A 
CENTRAL ANGLE INSCRIBED ANGLE 


Notice that, in the circle at the far right, there is a central angle and an inscribed angle, both of which intercept arc 
AXB. It is the central angle that defines the arc. That is, the arc is 60° (or one sixth of the complete 360° circle). An 


Foro angle is equal to half of the arc it intercepts, in degrees. In this case, the inscribed angle is 30°, which is 
O yl 


Inscribed Triangles 





Related to this idea of an inscribed angle is that of an inscribed triangle. A triangle is said to be inscribed in a circle 
if all of the vertices of the triangle are points on the circle. 
To the right is a special case of the rule mentioned above 
half of the arc it intercepts, in degrees). In this case, 
semicircle, which is an arc that measures 180°. 


(that an inscribed angle is equal to 
the right angle (90°) lies opposite a 


The important rule to remember is: if one of the sides of an 
DIAMETER of the circle, then the triangle MUST be 
right triangle inscribed in a circle must have the diame 
(thereby splitting the circle in half). 


inscribed triangle is a 
a right triangle. Conversely, any 
ter of the circle as one of its sides ES 


* 


t Pr 
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In the inscribed triangle to the left, triangle ABC must be a right triangle, 
since AC is a diameter of the circle. 


Cylinders and Surface Area 


Two circles and a rectangle combine to form a three-dimensional shape called a right circular cylinder (referred to 
from now on simply as a cylinder). The top and bottom of the cylinder are circles, while the middle of the cylinder 
is formed from a rolled-up rectangle, as shown in the diagram below: 


In order to determine the surface area of a cylinder, sum the areas O 
of — 


the 3 surfaces: The area of each circle is mr?, while the area of the 
rectangle is length X width. | | a 
Looking at the figures on the right, we can see that the length of 
the rectangle is equal to the circumference of the circle (277), and 


ha A 
width of the rectangle is equal to the height of the cylinder (4). O 


Therefore, the area of the rectangle is 2xr X h. To find the total 
surface area of a cylinder, add the area of the circular top and 
bottom, 

as well as the area of the rectangle that wraps around the outside. 





SA = 2 circles + rectangle = 2(T r’) + 21 rh 





The only information you need to find the surface area of a cylinder is (1) the radius of the cylinder and (2) the 
height of the cylinder. 


Cylinders and Volume 


The volume of a cylinder measures how much “stuff” it can hold inside. In order to find the volume of a cylinder, 





use the following formula. 
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As with finding surface area, determining the volume of a cylinder requires two pieces of information: (1) the radius of 
the cylinder and (2) the height of the cylinder. 


One way to remember this formula is to think of a cylinder as a stack of circles, each with an area or Trr?. Just multi- 
ply rr? x the height (4) of the shape to find the area. 


The diagram below shows that two cylinders can have the same volume but different shapes (and therefore each fits dif- 


ferently inside a larger object). 


2 
V=arh 
= 71(1)20 5 
20 207 V=arh 
= 1(2)*5 
= 207 
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Check Your Skills Answers 
1. 497: The formula for area is A = mr’. The radius is 7, so Area = n(7¥ = 49rr. 


2. 17: Circumference of a circle is either C= 27r or C= rd. The question asks for the diameter, so we'll use the latter 
formula. 177 = nd. Divide by 7, and we get 17 = d. The diameter is 17. 


3. 107: The link between area and circumference of a circle is that they are both defined in terms of the radius. Area of 
a circle is A = 7rr?, so we can use the area of the circle to find the radius. 257 = mr’, so r= 5. If the radius equals 5, then the 
circumference is C= 27(5), which equals 107. The circumference is 107. 


4. 3m: If the central angle of the sector is 270°, then it is 3/4 of the full circle, because ay =~, If the radius is 2, 





3 
360 4 
then the area of the full circle is 71(2)?, which equals 47. If the area of the full circle is 477, then the area of the sector 


will be 3/4 x 47, which equals 37. 


5. 240°: To find the central angle, we first need to figure out what fraction of the circle the sector is. We can do that by 
finding the circumference of the full circle. The radius is 3, so the circumference of the circle is 27(3) = 67. That means 


the sector is 2/3 of the circle, because z = > That means the central angle of the sector is 2/3 x 360°, which equals 
240°. 8 


6. 8: We can begin by finding the area of the whole circle. The radius of the circle is 10, so the area is r(10), 


which equals 1007. That means the sector is 2/5 of the circle, because eS E a We can find the circumfer- 


1007 10 5 
ence of the whole circle using C = 277. The circumference equals 207. 2/5 x 207 = 87. The arc length of the sector 





is 87. 
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Problem Set (Note: Figures are not drawn to scale. 


1. Triangle ABC is inscribed in a circle, such that AC is a diameter 
of the circle (see figure). If AB has a length of 8 and 
BC has a length of 15, what is the circumference of the circle? 





2. A cylinder has a surface area of 3607, and is 3 units tall. 
What is the diameter of the cylinder's circular base? 





3. Randy can run m meters every 2 seconds. If the circular track has 
a radius of 75 meters, how many minutes does it take Randy to run twice around the track? 


4. Randy then moves on to the Jumbo Track, which has a radius of 200 meters (as compared to 
the first track, with a radius of 75 meters). Ordinarily, Randy runs 8 laps on the normal track. 
How many laps on the Jumbo Track would Randy have to run in order to have the same work- 
out? 


5. A circular lawn with a radius of 5 meters is surrounded 
by a circular walkway that is 4 meters wide (see figure). 
What is the area of the walkway? 


6. A cylindrical water tank has a diameter of 14 meters 
and a height of 20 meters. A water truck can fill 7 cubic 
meters of the tank every minute. How long in hours and 
minutes will it take the water truck to fill the water tank from 
empty to half-full? 


Í; BE and CD are both diameters of Circle A (see figure). If the area of 
Circle A is 180 units?, what is the area of sector ABC + sector ADE? 


B 
8. Jane has to paint a cylindrical column that is 14 feet high 
and that has a circular base with a radius of 3 feet. If one P 
bucket of paint will cover 107 square feet, how many 
buckets does Jane need to buy in order to paint the column, i 
E 


including the top and bottom? 


9. A circular flower bed takes up half the area of a square lawn. If an 
edge of the lawn is 200 feet long, what is the radius of the flower 
bed? (Express the answer in terms of 7 .) 
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10. If angle ABC is 40 degrees (see figure), and the area of 
the circle is 817, how long is arc AXC? 


11. Triangle ABC is inscribed in a circle, such that AC is a 
diameter of the circle and anglde BAC is 45° (see figure). 
If the area of triangle ABC is 72 Square units, how much 
larger is the area of the circle than the area of triangle ABC? 


12. Triangle ABC is inscribed in a circle, such that AC is a 
diameter of the circle and angle BAC is 45°. (Refer to the 
same figure as for problem #11.) If the area of triangle ABC 
is 84.5 square units, what is the length of arc BC? 





13. 





C 


A is the center of the circle above. 


Quantity A Quantity B 


The perimeter of triangle ABC 


The perimeter of the shaded regio" 
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14. 
In the figure above, a circle with 
area 7 is inscribed in a square. 
Quantity A Quantity B 
The combined area of the shaded 1 
regions 
15. 
Quantity A Quantity B 
The combined area of four circles, The area of a circle with 


each with radius 1 radius 2 
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1. 177: If AC is a diameter of the circle, then inscribed triangle ABC is a right triangle, with AC as the hypotenuse. 
Therefore, we can apply the Pythagorean Theorem to find the length of AC. 


8? + 15? = e? 

64 + 225 =c* You might recognize the common 8-15-17 right triangle. 
c? = 289 

c=17 


The circumference of the circle is 277, or 177. 


2. 24: The surface area of a cylinder is the area of the circular top and bottom, plus the area of its wrapped-around val 
rectangular third face. We can express this in formula form as: pj 


SA = 2(rr?) + 2arh 


Substitute the known values into this formula to find the radius of the circular base: os 
3607 = 2(1r?) + 2773) 
3607 = 2717? + Orr 
2mr? + 6nr — 3607 = 0 Divide by 27 
r>+ 3r—180=0 
(r+ 15) (r-12)=0 


r+15=0 OR r-12=0 
r= {-15, 12} 


Use only the positive value of r: 12. If r= 12, the diameter of the cylinder’s circular base is 24. 


- ee pan A A seth pk ee cee eee ne ts Lo aeret e =i 


3. 10 minutes: The distance around the track is the circumference of the circle: 
C= 2115 
= 1507 


Running twice around the circle would equal a distance of 3007 meters. If Randy can run 7 meters every 2 seconds, | 
he runs 307 meters every minute. Therefore, it will take him 10 minutes to run around the circular track twice. : 


Or meters. (Recall from problem #3 that the circumfer- 


4. 3 laps: 8 laps on the normal track is a distance of 1,20 1 #3 i 
ack has a radius of 200 meters, its circumference is 4007 


ence of the normal track is 1507 meters.) If the Jumbo Tr 
meters. It will take 
3 laps around this track to travel 1,2007 meters. 


5. S6rm?: The area of the walkway is the area of the entire image (walkway + lawn) minus the area of the lawn. To 
find the area of each circle, use the formula: 


Large circle: A= 77? = (9)? = 810 , bo 
Small circle: A = Ty? = n(5)? = 257 glr — 251 = 567m 


6. 8 hours and 10 minutes: First find the volume of the cylindrical tank: i o 
V=arxXh A 
= (7)? X 20 

= 9807 


If the water truck can fill m cubic meters of the tank every BERE 
ly; therefore, it will take 980 + 2 = 490 minutes to fill the tank halfway. 


it will take 980 minutes to fill the tank complete- 
This is equal to 8 hours and 10 minutes. 
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7. 40 units’: The two central angles, CAB and DAF, describe a total of 80°. Simplify the fraction to find out what 
fraction of the circle this represents: 

Pz 2 of 180 units? is 40 units”, 

360 9 9 


8. 11 buckets: The surface area of a cylinder is the area of the circular top and bottom, plus the area of its wrapped- 
around rectangular third face. 


Top & Bottom: A=nr=9n 
Rectangle: A=2nr X h= 8471 


The total surface area, then, is 97 + 97 + 847 = 1027 fe. If one bucket of paint will cover 107 ft’, then Jane will 
need 0.2 buckets to paint the entire column. Since paint stores do not sell fractional buckets, she will need to pur- 
chase 11 buckets. 


9, a The area of the lawn is (200)? = 40,000 fe. 
TT 


Therefore, the area of the flower bed is 40,000 + 2 = 20,000 fe. 
A = tr = 20,000 The radius of the flower bed is equal to necia 
T 


10. 47: If the area of the circle is 817, then the radius of the circle is 9 (4 = Tr’). Therefore, the total circumference 
of the circle is 187 (C= 277), Angle ABC, an inscribed angle of 40°, corresponds to a central angle of 80°. Thus, arc 
AXC is equal to 80/360 = 2/9 of the total circumference: 


2 
y (187) = 4r. 


11. 727 - 72: If AC isa diameter of the circle, then angle ABC is a right angle. Therefore, triangle ABC is a 45—45- 
90 triangle, and the base and height are equal. Assign the variable x to represent both the base and height: 


bh des 
4=% == 
2 2 ie 
x? = 144 
x= 12 
The base and height of the triangle are equal to 12, and so the area of the triangle is 12x12 _ 72 


Z 
The hypotenuse of the triangle, which is also the diameter of the circle 


is equal to 12/2. Therefore, the radius is 
equal to 6/2 and th f i Qe i 
Eon Ir e area of the circle, rr?, = 7277. The area of the circle is 727 — 72 square units larger than the 


1342 xr 

12) i i 
We know that the area of triangle ABC is 84.5 square units, so we can use the same logic as in the 
previous problem to establish the base and height of the triangle: 
bh 2 | 


A=— fe 
> > 84.5 


x? = 169 
x=13 
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The base and height of the triangle are equal to 13. Therefore, the hypotenuse, which is also the diameter of the 


circle, is equal to 1 342 , and the circumference (C = mrd) is equal to 13/2 x. Angle A, an inscribed angle, corre- 
sponds to a central angle of 90°. Thus, arc BC = 90/360 = 1/4 of the total circumference: 


Z of 13/2xa is pan 


13. B: Since the two perimeters share the line BC, we can recast this question as 


he rr er sm FA ARCA LP PO pr ivi e A arte Se ere e a <- oy, oper a Sey PERCE Ge oat a e 
= Tae E as Pre To RT - e > ane e . f H o. Sasi : 
mie wot Senet yaa ee Soe, Sig San Sy Mirtes SE eae ag or A CS 


uantity A Quantity B 
The oars aed two radii The length of arc BDC 
an 
The easiest thing to do in this situation is use numbers. Assume the radius of the circle is 2. 
If the radius is 2, then we can rewrite Quantity A. , 
uantity A Quantity B_ | 
The combined length of two radii | 
(AB and AC) = The length of arc BDC | 
4 ¥ 
{ 
Now we need to figure out the length of arc BDC if the radius is 2. We can set up a proportion, because the ratio of | 
central angle to 360 will be the same as the ratio of the arc length to the circumference. | 
$ 
Arc Length 120. _1 E 
Circumference 360 3 | 
Circumference is 27r, so | a 
C=21(2) = 4r | 
ewrite the proportion. Le 
Arc Length 1 po 
An E [ 
4T | | 
Arc Length = — r 
3 
i 
Rewrite Quantity B. oe 
4 The length of arc BDC = = > 
r 
C : án =. slightly greater than 4. 
Ompare 4 to 47/3. 7 is greater than 3, so a is sligntly £ 
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14. B: Use the area of the circle to determine the area of the square, then subtract the area of the circle from the area 
of the square to determine the shaded region. The formula for area is A = 1rr?. If we substitute the area of this circle 


for A, we can determine the radius: 


T=TY? 
l=r 
bey 


Since the radius of the circle is 1, the diameter of the circle is 2, as is each side of the square. A square with sides of 2 


has an area of 4. Rewrite Quantity A. 


Quantity A uantity B 
The combined area of the shaded 
regions = 
1 
Areag uar — Ara. = 
4-7 


T is greater than 3, so 4 — 7 is less than 1. Therefore Quantity B is greater. 


15. C: First, evaluate Quantity A. Plug 1 in for rin the formula for the area of a circle: 


A=Tr 
A=m(1) 
Á=T 


Each circle has an area of 7r, and the four circles have a total area of Ár. 
Quantity A Quantity B 


nue peer ein D The area of a circle with radius 2 


For Quantity B, plug 2 in for 7 in the formula for the area of a circle: 


A=rr 
A= 7(2) 
A=4nr 


Quantity A Quantity B 
Ár The area of a circle with radius 
2 = 4r 


Therefore the two quantities are equal. 





H2 
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In This Chapter... 





¢ Intersecting Lines 
e Exterior Angles of a Triangle 


e Parallel Lines Cut By a Transversal 
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LINES & ANGLES 


A straight line is 180°. Think of a line as half of a circle. 


Py 








Parallel lines are lines that lie in a plane and that never intersect. No matter how far you extend the lines, they never 
meet. Two parallel lines are shown below: 








Perpendicular lines are lines that intersect at a 90° angle. Two perpendicular lines are shown below: 


There are two major line-angle relationships that you must know for the GRE: 
(1) The angles formed by any intersecting lines. 
(2) The angles formed by parallel lines cut by a transversal. 


Intersecting Lines 





Intersecting lines have three important properties. 


First, the interior angles formed by intersecting lines form a circle, so the sum 
of these angles is 360°. In the diagram shown, æ + b + ¢+ d = 360. 


Second, interior angles that combine to form a line sum to 180°. These are 
termed supplementary angles. Thus, in the diagram shown, a + d = 180, 
because angles a and d form a line together. Other supplementary angles 
are b+ c= 180, a + c= 180, and d + b = 180. 





two lines intersect are equal. These are called vertical angles. 


Third, angles found opposite each other where these and are formed from the same two 


Thus, in the diagram above, a = b, because these angles are opposite one another, 
lines, Additionally, c = d for the same reason. 


Note that these rules apply to more than two lines that intersect at a Ae as 
shown to the left. In this diagram, 4 +b+c+rd+e+f= 300, ees os ang R 
combine to form a circle. In addition, 4 + hb + c= 180, because a three ang 3 o 
combine to form a line. Finally, 4 = d, b= e, and c = f, because they are pairs ol Y 


tical angles. 
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Check Your Skills 





1. If b + f= 150, what is angle d? 





2. What is x — y? 20 


Answers can be found on page 119, 


Exterior Angles of a Triangle 


An exterior angle of a triangle is equal in measure to the sum of the two non-adjacent (opposite) interior angles of 
the triangle. For example: 


a+ 6+c= 180 (sum of angles in a triangle). 
b+x=180 (supplementary angles). 
Therefore, x= a + c. 





This property is frequently tested on the GRE! In particular, look for exterior angles within more complicated dia- 
grams. You might even redraw the diagram with certain lines removed to isolate the triangle and exterior angle you 


need. 
C 
B B 
— x+y 
A D A D 

Check Your Skills 

3. If c + d = 200, what is a+b? 

C 


Answers can be found on page 119, 
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Parallel Lines Cut By a Transversal 


The GRE makes frequent use of diagrams that include parallel lines cut by a transversal. 


Notice that there are 8 angles formed by this construction, but there are 
only TWO different angle measures (a and b). All the acute angles (less 
than 90°) in this diagram are equal. Likewise, all the obtuse angles 
(more than 90° but less than 180°) are equal. Any acute angle is supple- 
mentary to any obtuse angle. Thus, a + = 180°. 


When you see a third line intersecting two lines that you know to be 
parallel, fill in all the æ (acute) and 6 (obtuse) angles, just as in the dia- 
gram above. 





Sometimes the GRE disguises the parallel lines and the transversal so that 
they are not readily apparent, as in the diagram pictured to the right. 


In these disguised cases, it is a good idea to extend the lines so that 
you can easily see the parallel lines and the transversal. Just remember 
always to be on the lookout for parallel lines. When you see them, 
extend lines and label the acute and obtuse angles. 


You might also mark the parallel lines with arrows. 


or REE TY, SN ea me eet 


Check Your Skills 


Refer to the following diagram for questions 4-5. 


i: 
+ 
[j 





(lines p and g are parallel) 


4. If angle g = 120, what is a? 


>. If angle g = 120, what is a + b + c? 
Answers can be found on page 119. 
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Check Your Skills Answers 


1. 30: Because they are vertical angles, angle a is equal to angle a. 


Because they add to form a straight line, a + b + f= 180. 


Substitute d for a to yield, (d) + b + f= 180. Substitute 150 for b + fto yield d+ (150) = 180. So $ | 
d= 180 — 150 = 30. a 


2. 140: Because x and 20 are supplementary, x = 180 — 20 = 160. Because y and 20 are vertical, y = 20. So x — y = 
160 — 20 = 140. 


3. 100: Since c and d are vertical angles, they are equal. Since they sum to 200, each must be 100. a + b = c, because 
cis an exterior angle of the triangle shown, and a and 6 are the two non-adjacent interior angles. a + b = c= 100. 


4. 120: In a system of parallel lines cut by a transversal, opposite exterior angles (like a and g) are equal. g = a= 120. 


5. 300: From question 4, we know that a = 120. Since a = 120, its supplementary angle d= 180 — 120 = 60. Since a 
+b+c+d=360, and d= 60, a+ b + c= 300. 
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Problem Set (Note: Figures are not drawn to scale.) 


Problems 1—4 refer to the diagram on the right, where line AB is parallel to line CD. 





1. lf x — y= 10, what is x? 
2. lf the ratio of x to y is 3 : 2, what is y? 
3. If x + (x + y) = 320, what is x? 
4. if —*— =2, what is x? 
x—y 


Problems 5-8 refer to the diagram on the right. 

5. If a is 95, what is b + d — e? 

6. If c+ f= 70, and d = 80, what is b? 

7, If a and b are complementary angles (they sum 
to 90°), name three other pairs of 


complementary angles. 


8. If e is 45, what is the sum of all the other angles? 





Problems 9—12 refer to the diagram on the right, where line XY is parallel to line QU. 
3: If a + e = 150, find f. 
10. If a = y, g = 3y + 20, and f = 2x, find x. 


11. If g = 11y, a = 4x — y, and d = 5y + 2x — 20, 
find h. 


12. If b = 4x, e =x + 2y, and d = 3y + 8, find h. 


Problems 13-15 refer to the diagram to the right. 
13. If c +g = 140, find k. 
14, If g = 90, what is a + k? 


15, If f+ k = 150, find b. 
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16. 


17. 


18. 
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IN ACTION 








c+d+e 
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1. 95: We know that x + y = 180, since any acute angle formed by a transversal that cuts across two parallel lines is sup- 
plementary to any obtuse angle. Use the information given to set up a system of two equations with two variables: 


x+ y= 180 
x-y= 10 
2x = 190 
x= 95 


2. 72: Set up a ratio, using the unknown multiplier, a. 


y la 

180 =x + y= 3a + 2a= 5a 
180 = 5a 

a=36 

y= 2a = 2(36) = 72 


3. 140: Use the fact that x + y = 180 to set up a system of two equations with two variables: 





x+y=180 > -x— y = —180 
+ 2x+y= 320 
x = 140 


4. 120: Use the fact that x + y = 180 to set up a system of two equations with two variables: 
x 





es =2 > x —2y=0 
J — x+ y=180 


—3y = —180 
y = 60 > Therefore, x = 120. 


have the same measure: 4 = d = 95°. Likewise, since 


5. 95: Because a and d are vertical angles, they 
— e Therefore, b+ d- e=d=9%. 


b and e are vertical angles, they have the same measure: b 


e measure: ¢ + f = 70, so c= f= 35. Notice chat b, c, 


6. 65: Because c and fare vertical angles, they have the sam 
his equation: 


and d form a straight line: b + c + d= 180. Substitute the known values of c and d into t 


b+ 35 +80 = 180 
b+115=180 
b=65 

which is equal to a, since they are vertical 


b, then a is also complementary to € (which is 
since d= a and e = b. You do not 


7. band d, aand e, & dand e: If a is complementary to b, then d ( 
angles), is also complementary to 6. Likewise, if a is complementary to 
equal to 4, since they are vertical angles). Finally, dand e must be complementary, 
need to know the term 

complementary,” but you should be able to work with the concept 


or — 45° = 315". 


(two angles adding up to 90°). 


8. 315°: If e = 45, then the sum of all the other angles is 36 


med by a transversal cutting across two 


th acute angles for 
e in this diagram is supplementary to any 


9. 105: We are told that a + e = 150. Since they are bo 
75. Any acute angl 


os lines, they are also congruent. Therefore, 4 = ¢ = 
obtuse angle, so 75 + f= 180, and f= 105. 


» 
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10. 70: We know that angles a and g are supplementary; their measures sum to 180. Therefore: 
y + 3y + 20 = 180 
4y = 160 Angle fis congruent to angle g, so its measure is also 3y + 20. 
y= 40 The measure of angle f= g = 3(40) + 20 = 140. If f= 2x, then 
140 = 2x > x= 70. 


11. 70: We are given the measure of one acute angle (4) and one obtuse angle (g). Since any acute angle in this 
diagram is supplementary to any obtuse angle, 11y + 4x — y = 180, or 4x + 10y = 180. Since angle d is congruent to 
angle a, we know that 5y + 2x ~ 20 = 4x — y, or 2x — 6y = —20. We can set up a system of two equations with two 


variables: 
2x-6y=-20 => -4x + 12y= 40 
4x + 10y = 180 
22y = 220 
y=10;x=20 


Since / is one of the acute angles, h has the same measure as a: 4x — y = 4(20) — 10 = 70. 


12, 68: Because b and d are supplementary, 4x + 3y + 8 = 180, or 4x + 3y = 172. Since d and e are congruent, 3y 
+8 =x + 2y, or x— y= 8. We can set up a system of two equations with two variables: 





4x + 3y =172 
x-y=8 > 3x— 3y = 24 

7x = 196 

x = 28; y= 20 


Since / is congruent to d, h = 3y + 8, or 3(20) + 8 = 68. 


13. 40: If c + g= 140, then i = 40, because there are 180° in a triangle. Since & is vertical to i, & is also = 40. 


Alternately, if c+ g= 140, then j = 140, since j is an exterior angle of the triangle and is therefore equal to the sum 
of the two remote 


interior angles. Since k is supplementary to j, k = 180 — 140 = 40. 





14. 90: If g = 90, then the other two angles in the triangle, c and i, 


sum to 90. Si i 
and i, they sum to 90 as well. O ince a and k are vertical angles to ¢ 


15. 150: Angles f and k are vertical to angles g and ¿. These two angles, then, must also sum to 150. Angle b, an 
exterior angle of the triangle, must be equal to the sum of the two remote interior angles g and i. Therefore, b = 150. 


16. C: You can substitute each of the values in Quantity A for a corres 
b = e, in each case because the equal angles are vertical angles. Rewrite 


Quantity A 
a+ f+b=(d)+ (0) +(e) 


ponding value in Quantity B. a = d, c = f, and 
Quantity A. 


ct+tdte 
Therefore the two quantities are equal. 


17. C: To see why th i iti Ela 
ple y the sums in the two quantities are equal, label the remaining two interior angles of the quadrilateral 
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uantity A Quantity B 


xX+Z 
wt y 


There are several relationships we can describe based on the diagram. For instance, we know the sum of the four 
internal angles of the quadrilateral is 360. 


w+y+a+b=360 
We also have two pairs of supplementary angles. 


a+x= 180 
b+z=180 


Add the two equations together: 


nee a a e S y 


a+b+x+z= 360 

w + y+ a+ b sum to 360, as do a + b + x + z. Therefore the two sums equal each other. 
wt+tytatb=atb+xtz Subtract a + 6 from both sides 
wry=xtZ 

The two quantities are equal. 


18. A: First solve for x. The two angles x and 2x are supplementary. 


x+2x= 180 
3x = 180 
x= 60 


i Ive for y. 
Next note that 2x = Gy, because 2x and 6y are vertical angles. Plug in 60 for x and solve for y 


2(60) = 6y 
120 = 6y 
20=y 
Quantity B 
Quantity A 10 
y=20 
Therefore Quantity A is larger. 
Pr O 
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In This Chapter... 





e Knowing Just One Coordinate 
e Knowing Ranges 

e Reading a Graph 

e Plotting a Relationship 

* Lines in the Plane 

e The Intercepts of a Line 

e The Intersection of Two Lines 


e The Distance Between 2 Points 
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COORDINATE PLANE 
Before we discuss the coordinate plane, let's review the number line. 


The Number Line AAA AAA 
== =l O Lf 23 


The number line is a ruler or measuring stick that goes as far as we want in both directions. With the number line, 
we can say where something is positioned with a single number. In other words, we can link a position with a number. 








Position Number Number Line 
“Two units right 2 > 


of zero” 


O a -1.5 <_—t+t+e+r+ + + +> 
units left of zero” 32-10 1 2 3 


We use both positive and negative numbers, because we want to indicate positions both left and right of zero. 


You might be wondering “The position of what?” The answer is, a point, which is just a dot. When we are dealing 


with the number line, a point and a number mean the same thing. 


If you show me where the point is on the E E > the point is at —2 
number line, I can tell you the number. -2 -l 

If you tell me the number, I can show you the point is at 0° HH 
where the point is on the number line. F 10 1 2 


This works even if we only have partial information about our point. If you tell me something about where the point is, Í 


can tell you something about the number, and vice-versa. 


then I know that the point lies somewhere to the right of 0 on the 


For instance, if I say that the number is positive, w 
location of the point, I do know a range of potential values. 


number line. Even though I don’t know the exact 


The number is positive. — AA 
2 2 


In other words, the number is mr ee E 
greater than (>) 0. 
I can tell you what that range is 


This also works in reverse. If I see a range of potential positions on a number line, 


for the number. 
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ras E GN EE eee The number is less than (<) 0. 


-3 -2 -1 0 1 2 3 


. > . » 
Let's make things more complicated. What if we want to be able to locate a point that's not on a straight line, but 
on a page? 


The point we want 


Now one number 
line won't be enough 
to tell us where the 
point is. 


Let's begin by inserting our number line into the picture. This will help us determine how far to the right or left of 0 
our point is. 


The point is two units to the 
right of zero. 


But all three points that touch 
the dotted line are two units to 
the right of zero. We don’t have 
enough information to determine 
the unique location of our point. 





In order to know the location of our point, we also need to know how far up or down the dotted line we need to 


we re going to need another number line. This number line, 
mber line, we will be able to measure how far above or below 9 


go. To determine how far up or down we need to go, 


however, is going to be vertical. Using this vertical nu 
a point is. 


The point is one unit above 
Zero. 


Notice that this number line 
by itself also does not provide 
enough information to 
determine the unique 
location of the point. 
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But, if we combine the information from the two number lines, we can determine both how far left or right and how 
far up or down the point is. 


The point is 2 units to the 
right of 0, because a page has 
two dimensions. 


AND 


The point is 1 unit above 0. 


2 3 





Now we have a unique description of the point’s position. There is only one point on the page that is BOTH 2 units 
to the right of 0 AND 1 unit above 0. So, on a page, we need two numbers to indicate position. 


Just as with the number line, information can travel in either direction. If we know the two numbers that give the 
location, we can place that point on the page. 


The point is 3 units to the 
left of 0. 
AND 


The point is 2 units below 0. 





If, on the other hand, we see a point on the page, we can identify its location and determine the two 


numbers. 


The point is 1 unit to the 
right of 0. 


AND 


The point is 2.5 units below 0. 





i i i i ich. ther 
Now that we have two pieces of information for each point, we need to keep straight which a A which ps = 
words, we need to know which number gives the left-right position and which number gives the up-down position. 
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To represent the difference, we use some technical terms: 


The x-coordinate is the left right-number. 


Numbers to the right of 0 are positive. 32-10 1 2 3 
Numbers to the left of 0 are negative. 7 his-aumber line eaheweas: 


The y-coordinate is the up-down number. 


Numbers above 0 are positive. 
Numbers below 0 are negative. 


Noo OO 


0 This number line is the y-axis. 


Now, when describing the location of a point, we can use the technical terms. 


The x-coordinate of the point is 1 and 
the y-coordinate of the point is 0. 


We can condense this and say that, for this point, x 
the point is at (1, 0). This shorthand always has the 
x-coordinate, and the second number is the y 


the alphabet. 


= l and y=0. In fact, we can go even further. We can say that 
same basic layout. The first number in the parentheses is the 
coordinate. One easy way to remember this is that x comes before y in 
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The point is at (-3, —1), 
OR 


the point has an x-coordinate 
of —3 and a y-coordinate of —1. 


e a RI A A a da AA a a ie eoe - 
ei t ai Y e iets E ae a a Adis! ees A EE E hase 4 acinar ira 


ee es ~ 
E eS ate os we 


Now we have a fully functioning coordinate plane: an x-axis and a y-axis drawn on a page. The coordinate plane 
allows us to determine the unique position of any point on a plane (essentially, a really big and flat sheet of paper). 


And in case you were ever curious about what one-dimensional and two-dimensional mean, now you know. A line 
is one dimensional, because you only need one number to identify a point’s location. A plane is two-dimensional 
because you need two numbers to identify a point's location. 


Check Your Skills L 
1. Draw a coordinate plane and plot the following points: 
1. (3, 1) 2. (-2, 3.5) 3. (0, —4.5) 4. (1, 0) 
2. Which point on the coordinate plane below is indicated by the following coordinates? 
1.(2,-1) 2. (-1.5,-3) 3. (-1, 2) 4. (3, 2) 


Answers can be found on page 151. 





Knowing Just One Coordinate 


As we've just seen, we need to know both the x-coordinate and the y- 
dinate plane. If we only know one coordinate, we can’t tell precisely where the point is, 


possibilities. 


coordinate to plot a point exactly on the coor- 
but we can narrow down the 


point is 4 units to the right of 0. 


Consider this situation. Let’s say that this is all we know: the 


f 
i 
i 
t 
? 
t 
| 
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As we saw earlier, any point along the vertical dotted line is 4 units to the right of 0. In other words, every point on 
the dotted line has an x-coordinate of 4. We could shorten that and say x= 4. We don’t know anything about the 


y-coordinate, which could be any number. All the points along the dotted line have different y-coordinates but the 
same x-coordinate, which equals 4, 


So, if we know that x= 4, then our point can be anywhere along a vertical line that crosses the x-axis at (4, 0). Let's 
try with another example. 


If we know that x = —3.., 
Then we know 


Every point on the dotted line 
has an x-coordinate of —3. 





Points on the dotted line include (—3, 1), (3, 


. -7), (-3, 100) and so on. In general, if we know the x-coordinate of 2 
point and not the y-coordinate, then all we c 


an say about the point is that it lies on a vertical line. 


The x-coordinate still indicates left-right Position. If we fix that Position but not the up-down position, then the 
point can only move up and down—forming a vertical line 


Now imagine that all we know is the y-coordinate of a number. Let’s say we know that y =—2. How could we repre- 
sent this on the coordinate plane? In other words, what are all the points for which y = —2? 
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Every point 2 units below 0 fits this 
condition. These points form a 
horizontal line. We don't know 
anything about the x-coordinate, 
which could be any number. All the 
points along the horizontal dotted line 
have different x-coordinates but the 
same y-coordinate, which equals —2. 
For instance, (—3, —2), (-2, -2), (50, 
—2) are all on the line. 





Let's try another example. If we know that y= 1... 
Then we know 


Every point on the dotted line 
has an y-coordinate of 1. 





If we know the y-coordinate but not the x-coordinate, then we know the point lies somewhere on a horizontal line. 


Check Your Skills 
Draw a coordinate plane and plot the following lines. 
3.x=6 
4.y=-2 
5.x=0 | 
Answers can be found on pages 151-152. 


Knowing Ranges III 
Now let’s provide even less information. Instead of knowing the actual x-coordinate, let’s see what happens if all we 


know is a range of possible values for x. What do we do if all we know is that x > 0? To answer thar, let’s return to 


the number line for a moment. As we saw earlier, if x > 0, then the target is anywhere to the right of 0. 


32-10 1 2 
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Now let's look at the coordinate plane. All we know is that x is greater than 0. And we don't know anything about y, 


which could be any number. 


How do we show all the possible points? We can shade in part of the coordinate plane: the part to the right of 0. 


If we know that x > 0... 


Then we know: 


Every point in the shaded 
region has an x-coordinate 
greater than 0. 





Now let's say that all we know is y < 0. Then we can shade in the bottom half of the coordinate plane—where the 


y-coordinate is less than 0. The x-coordinate can be anything. Notice that the dashed line indicates that x cannot be 
zero. It must be below the dashed line. 


If we know that y < 0... 
Then we know: 





Every point in the shaded 
region has a y-coordinate 


less than 0. 





Finally, if we know information about both x and y, then we can narrow down the shaded region. 


If we know that x > 0 AND y<0... 
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Then we know: 





The only place where x is greater than 0 AND y is less than 0 is the bottom right quarter of the plane. So we know 
that the point lies somewhere in the bottom right quarter of the coordinate plane. 


The four quarters of the coordinate plane are called quadrants. Each quadrant corresponds to a different combina- 
tion of signs of x and y. The quadrants are always numbered as shown below, starting on the top right and going 
counter-clockwise. 





Check Your Skills 


6. Which quadrant do the following points lie in? 
1.(1,-2) 2.(4.6,7) 3.(-1,-2.5) 4. (3,3) 
7. Which quadrant or quadrants are indicated by the following? 


1.x<0,y>0 2.x<0y<0 3.y>0 4x<0 
Answers can be found on page 152. 


Reading a Graph 
If we see a point on a coordinate plane, we can read 
imaginary line down to the x-axis (if the point is above the x- 
the x-axis) and read off the number. 


off its coordinates as follows. To find an x-coordinate, drop an 
axis) or draw a line up to the x-axis (if the point is below 
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The line hit the x-axis at -2, which means the x-coordinate of our point is —2. Now, to find the y-coordinate, we 
employ a similar technique, only now we draw a horizontal line instead of a vertical line. 





Our line touched the y-axis at 2, which means the y-coordinate of our point is 2. Thus, the coordinates of point B are 
(252), 


Now suppose that we know the target is on a slanted line in the plane. We can read coordinates off of this slanted 
line. Try this problem on your own first. 


On the line shown, what is the y-coordinate of the point that has an x-coordinate of 
—4? 
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To answer this question, think about reading the coordinates of a point. We went from the point to the axes. Here, 
we will go from the axis that we know (here, the x-axis) to the line that contains the point, and then to the y-axis (the 
axis we don't know). 





So the point on the line that has an x-coordinate of —4 has a y-coordinate of —3. 


This method of locating points applies equally well to any shape or curve you may encounter on a coordinate plane. 
Try this next problem. 


On the curve shown, what is the value of y when x = 2? 


Í 
| 
i 
i 
I 
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ON 


Once again, we know the x-coordinate, so we draw a line from the x-axis (where we know the coordinate) to the 
curve, and then draw a line to the y-axis. 


ON E 


On the curve shown, the point that has an x-coordinate of 2 has a y-coordinate of 1. 





Check Your Skills 


8. On the following graph, what is the y-coordinate of the point on the line that has an x-coordinate of -3? 








The answer can be found on page 152. 
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Plotting a Relationship 


The most frequent use of the coordinate plane is to display a relationship between x and y. Often, this relationship is 


expressed this way: if you tell me x, I can tell you y. 


As an equation, this sort of relationship looks like this: 





y = some expression involving x Another way of saying this is we have y “in terms of” x 
Examples: y=2x+1 If you plug a number in for x in any of these 
y=x-3x+2 equations, you can calculate a value for y. 
o x 
i x+2 


Let's take y = 2x + 1. We can generate a set of y's by plugging in various values of x. Start by making a table. 















=2x+ 1 
PEA 


y= 2(2)+1=5 













Now that we have some values, let’s see what we can do with them. We can say that when x equals 0, y equals 1. 
These two values form a pair. We express this connection by plotting the point (0, 1) on the coordinate plane. 
Similarly, we can plot all the other points that represent an x-y pair from our table: 





You might notice that these points seem to lie on a straight line. You re righ 
generate using the relationship y = 2x + 1 will also lie on the line. 
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This line is the graphical representation of y=2x+1 


So now we can talk about equations in visual terms. In fact, 


that's what lines and curves on the coordinate plane 
are—they represent all the x-y pairs that make an equation t 


rue. Take a look at the following example: 






y=2x+1 
o 
5 =2(2) + 1 
The point (2, 5) lies on the line y = 2x +] +) If we plug in 2 for x in 


y= 2x + 1, we get 5 for y 


We can even speak more generally, using variables. 
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y=2x+1 
<> 
b=2(a)+1 
The point (a, b) lies on the line y=2x+1 -œ> If we plug in a for x in y= 2x + 1, we get b for y 


Check Your Skills 


9. True or False? The point (9, 21) is on the line y = 2x +1 
10. True or False? The point (4, 14) is on the curve y = x -2 
Answers can be found on page 153. 


Lines in the Plane 
The relationship y = 2x + 1 formed a line in the coordinate plane, as we saw. We can actually generalize this relation- 


ship. Any relationship of the following form represents a line: 


y=mx+b m and 6 represent numbers (positive or negative) 


For instance, in the equation y = 2x + 1, we can see that m=2 and b=1. 


Lines Not Lines 
y=3x-2 m=3,b=-2 y=x? 
Be. 
=—x +4 m=-1,b=4 pis 


These are called linear equations. These equations are not linear. 


The numbers m and 6 have special meanings when we are dealing with linear equations. m = slope. This tells us how 


steep the line is and whether the line is rising or falling. 
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Negative Slope Steep Slope Shallow Slope 


Positive Slope 
m>0 m<0 m> | 0<m<l 


b = y-intercept. This tells you where the line crosses the y-axis. Any line or curve crosses the y-axis when x = 0. To 
find the y-intercept, plug in 0 for x into the equation. 


By recognizing linear equations and identifying m and $, we can plot a line more quickly than by plotting several 
points on the line. 





Check Your Skills 

What are the slope and y-intercept of the following lines? 
11. y =3x+4 

12. 2y=5x-12 


Answers can be found on page 153. 


Now the question becomes, how do we use m and 6 to sketch a line? Let’s plot the line y = a 2 
2 


The easiest way to begin graphing a line is to begin with the y-intercept. We know that the line crosses the y-axis at y 7 
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Now we need to figure out how to use slope in order to finish drawing our line. Every slope, whether an integer or a 

a . 
fraction, should be thought of as a fraction. In this equation, our m is E Let's look at the parts of the fraction and see 
what they can tell us about our slope. 


1 > Numerator > Rise > Change in y 
2 > Denominator + Run > Change in x 


The numerator of our fraction tells us how many units we want to move in the y direction—in other words, how far 
up or down we want to move. The denominator tells us how many units we want to move in the x direction— in 
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_ 1l i 
other words, how far left or right we want to move. For this particular equation, the slope is > which means we 


want to move up 1 unit and right 2 units. 





After we went up 1 unit and right 2 units, we ended up at the point (2, -1). What that means is that the point (2, 


—1) is also a solution to the equation y = P — 2. In fact, we can plug in the x value and solve for y to check that we 
2 


did this correctly. 
1 
y= 1253 y> O O ila 


What this means is that we can use the slope to generate points and draw our line. If we go up ee 1 oe e 
right another 2 units, we will end up with another point that appears on the line. — a co i = f 
indefinitely, in reality, with only 2 points we can figure out what our line looks like. Now all we nee 


. 7 , 
the line that connects the 2 points we have, and we re done. 


anGRE Pre a 
a the new standard | 145 








Chapter 7 THE COORDINATE PLANE STRATEGY 


No | — 


l 
That means that this line is the graphical representation of y = ae 2. 


Ler’s try another one. Graph the equation y = 3) +4. 


Once again, the best way to start is to plot the y-intercept. In this equation, b = 4, so we know the line crosses the 
y-axis at the point (0, 4): 





Now we can use the slope to find a second point. This time, the slope is > , which is a negative slope. While posi- 


tive slopes go up and to the right, negative slopes go down and to the right. Now, to find the next point, we need to 


go down 3 units and right 2 units. 





the new standard 








THE COORDINATE PLANE STRATEGY Chapter 7 


Down 3 units 


That means that (2, 1) is another point on the line. Now that we have 2 points, we can draw our line. 


mae. ee te te ne ete 





Check Your Skills 


13. Draw a coordinate plane and graph the line y = 2x — 
The answer can be found on page 153. 


4. Identify the slope and the y-intercept. 
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The Intercepts of a Line 


A point where a line intersects a coordinate axis is called an intercept. There are two types of intercepts: the x-inter- 


cept, where the line intersects the x-axis, and the y-intercept, where the line intersects the y-axis. 


The x-intercept is expressed using the ordered pair (x, 0), where x is the 
point where the line intersects the x-axis. The x-intercept is the point 
on the line at which y = 0. In this diagram, the x-intercept is —4, as 
expressed by the ordered pair (—4, 0). 


The y-intercept is expressed using the ordered pair (0, y), where y is the 
point where the line intersects the y-axis. The y-intercept is the point on 
the line at which x = 0. In this diagram, the yrintercept is 6, as expressed 
by the ordered pair (0, 6). 


To find x-intercepts, plug in 0 for y. To find y-intercepts, plug in 0 for x. 
Check Your Skills 





14. What are the x- and y-intercepts of the equation x — 2y = 8? 
Answers can be found on page 153-154. 


The Intersection of Two Lines 


Recall that a line in the coordinate plane is defined by a linear equation relating x and y. That is, if a point (x, y) lies 
on the line, then those values of x and y satisfy the equation. For instance, the point (3, 2) lies on the line defined by 
the equation y = 4x — 10, since the equation is true when we plug in x = 3 and y = 2: 


y =4x- 10 
2 = 4(3) - 10 =12-10 
2=2 TRUE 


On + other hand, the point (7, 5) does not lie on that line, because the equation is false when we plug in x=7 and 
y=5: 

y =4x- 10 

5 = 4(7) - 10 = 28 — 10 = 18? FALSE 


So, what does it mean when two lines intersect in the coordinate plane? It means that at the point of intersection, 
BOTH equations representing the lines are true. That is, the pair of numbers (x, y) that represents the point of 
intersection solves BOTH equations. Finding this point of intersection is on to solving a system of two linear 
equations. You can find the intersection by using algebra more easily than by graphing the So e 


At what point does the line represented by y = 4x — 10 intersect the line represented by 2x + 3y = 26? 


Since y = 4x — 10, replace J in the second equation with 4x — 10 and solve for x: 
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2x + 3(4x — 10) = 26 
2x + 12x — 30 = 26 
14x = 56 

x=4 


Now solve for y. You can use either equation, but the first one is more convenient: 


y=4x— 10 
y = 4(4) — 10 
y=16-10=6 


Thus, the point of intersection of the two lines is (4, 6). 


If two lines in a plane do not intersect, then the lines are parallel. If this is the case, there is NO pair of numbers (x, 


y) that satisfies both equations at the same time. 


Two linear equations can represent two lines that intersect at a single point, or they can represent parallel lines that 
never intersect. There is one other possibility: the two equations might represent the same line. In this case, infinitely 
many points (x, y) along the line satisfy the two equations (which must actually be the same equation in disguise). 


The Distance Between 2 Points | 


The distance between any two points in the coordinate plane can be calculated by using the Pythagorean Theorem. For 


example: 





What is the distance between the points (1, 3) and (7, -5)? 
(1) Draw a right triangle connecting the points. 


(2) Find the lengths of the two legs of the triangle by calculating the rise and the run. 


The y-coordinate changes from 3 to —5, 
a difference of 8 (the vertical leg). 


The x-coordinate changes from 1 to 7, a 


difference of 6 (the horizontal leg). 





(3) Use the Pythagorean Theorem to calculate the length of the 
diagonal, which is the distance between the points. 


8 d J E 8° 7 E . a ». 
36+64=c2 The distance between the two points is 10 units. 
100 = ¢? 
6 c=10 
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Alternatively, to find the hypotenuse, we might have recognized this triangle as a variation of a 3-45 triangle (spe- 
cifically, a 6-8—10 triangle). 


Check Your Skills 


15. What is the distance between (-2, -4) and (3, 8)? 
Answers can be found on page 154. 
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x = 0 is the y-axis. 


6. 1. (1, —2) is in Quadrant IV 
2. (-4.6, 7) is in Quadrant II 
3. —1, -2.5) is in Quadrant III 
4. (3, 3) is in Quadrant I 





7. 1. x < 0, y > 0 indicates Quadrant II 
2. x < 0, y < 0 indicates Quadrant III 
3. y > 0 indicates Quadrants I and II 
4. x < 0 indicates Quadrants II and III 


8. The point on the line with x = —3 


has a y-coordinate of —4. 
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9. False. The relationship is y = 2x + 1, and the point we are testing is (9, 21). So we plug in 9 for x and sce if we get 21 
for y. y = 2(9) + 1 = 19. The point (9, 21) does not lie on the line. 


| 10. True. The relationship is y = x° — 2, and the point we are testing is (4, 14). So we plug in 4 for x and see if we 
| get 14 for y. y = (4)? — 2 = 14. The point (4, 14) lies on the curve. 


11. Slope is 3, y-intercept is 4. The equation y = 3x + 4 is already in y = mx + b form, so we can directly find the 
slope and y-intercept. The slope is 3, and the y-intercept is 4. 


12. Slope is 2.5, y-intercept is —6. To find the slope and y-intercept of a line, we need the equation to be in y = mx 
+ b form. We need to divide our original equation by 2 to make that happen. So 2y = 5x — 12 becomes y = 2.5x — 6. 
So the slope is 2.5 (or 5/2) and the y-intercept is —6. 
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y=2x-4 
slope = 2 


y-intercept = —4 


< ee 





14. x-intercept is 8, y-intercept is —4: 
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We've illustrated the line on the coordinate plane above, but you can also answer this questi g alg 
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To determine the x-intercept, set y equal to 0, then solve for x: 


x-2y=8 
y=0 
x-0=8 
x=8 


To determine the y-intercept, set x equal to O, then solve for y: 


x-2y=8 
x=0 
0-2y=8 
—2y = 8 
y=-4 


15. 13: Answer: 13 





The illustration above shows the two points. We have constructed a right triangle by finding a point directly below (3, 
z and directly to the right of (-2, —4). This right triangle has legs of 5 (the change from —2 to 3) and 12 (the change 
om —4 to 8). We can plug those values into the Pythagorean Theorem and solve for the hypotenuse: 


A? + B? = C? 

5 + 12? = C? 

25 + 144 = C? 

C? = 169 

C= 169 = 13 
Alternatively, 


we could recognize the common Pythagorean triplet 5, 12, 13, 
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Problem Set 
1. A line has the equation y = 3x + 7. At which point will this line intersect the y-axis? 
2. A line has the equation x = = — 20. At which point will this line intersect the x-axis? 
3 A line has the equation x = —2y + z. If (3, 2) is a point on the line, what is z? 
4. A line is represented by the equation y = zx + 18. If this line intersects the x-axis at (-3, 0), what is z? 
5. A line has a slope of 1/6 and intersects the x-axis at (-24, 0). Where does this line intersect the y-axis? 
6. Which quadrants, if any, do not contain any points on the line represented by x — y = 18? 
7. Which quadrants, if any, do not contain any points on the line represented by x = 10y? 
8. Which quadrants contain points on the line y= e + 1,000,000? 
9. Which quadrants contain points on the line represented by x + 18 = 2y? 
10. What is the equation of the line shown to the right? (0, 6) 
11. What is the intersection point of the lines defined by the equations 2x + y —4, 0) 
= 7 and 3x — 2y = 21? 
12. 
Quantity A Quantity B 
The y-intercept o\f the line The x-intercept of the line 
3 
3 eee es 
y= a x-2 y > x-2 
13. 
Quantity A Quantity B 
The slope of the line The S ang 
2x+5y= 10 EE 
14, 
Quantity A Quantity B 
: : The distance between points 
The distance between points (3, 9) and (10, 3) 


(0, 9) and (-2, 0) 
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1. (0, 7): A line intersects the y-axis at the y-intercept. Since this equation is written in slope-intercept form, the 
y-intercept is easy to identify: 7. Thus, the line intersects the y-axis at the point (0, 7). 


2. (-20, 0): A line intersects the x-axis at the x-intercept, or when the y-coordinate is equal to zero. Substitute zero 
for y and solve for x: 

x=0-—20 

x=-—20 


3. 7: Substitute the coordinates (3, 2) for x and y and solve for z. 
3=-2(2)+2 
3=-4+2 
2=7 


4. 6: Substitute the coordinates (—3, 0) for x and y and solve for z. 
0 = z(—3) + 18 
3z= 18 
Z=6 


5. (0, 4): Use the information given to find the equation of the line: 


y= Zx+% 

v= DA deb 
6 

0=-4+6b 

b= 4 


The variable 6 represents the y-intercept. Therefore, the line intersects the y-axis at (0, 4). 


6. Il: First, rewrite the line in slope-intercept form: II I 
y=x-18 
Find the intercepts by setting x to zero and y to zero: 


Plot the points: (0, —18), and (18, 0). From the sketch, we can see that the 
line does not pass through quadrant II. 
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Chapter 7 THE COORDINATE PLANE SOLUTIONS 
A sietie 
7. I and IV: First, rewrite the line in slope-intercept form: 
x 
Ia 
N I] I 


Notice from the equation that the y-intercept of the line is (0,0). This means that the line 
crosses the y-intercept at the origin, so the x- and y-intercepts are the same. To find anoth- 
er point on the line, substitute any convenient number for x; in this case, 10 would be a 


convenient, or “smart,” number. Ill IV 
y= ae =] The point (10, 1) is on the line. 
10 


Plot the points: (0, 0) and (10, 1). From the sketch, we can see that the line does not pass 
through quadrants II and IV. 


8. LIL and III: The line is already written in slope-intercept form: 


—— 41,000,000 E 
J= ioo °°"? 


Find the intercepts by setting x to zero and y to zero: 





B 0 HI IV 
0 = + 1,000,000 = —— + 1,000, 
1,000 á 1,000 ane 
x = —1,000,000,000 y = 1,000,000 


Plot the points: (-1,000,000,000, 0) and (0, 1,000,000). From the sketch, we can see that the line passes through 
quadrants I, II, and III. 


9. I, IL and III: First, rewrite the line in slope-intercept form: 


== 49 
= > II I 
Find the intercepts by setting x to zero and y to zero: 
0=7+9 ° 
== y= +9 II IV 


x=—18 y=9 


Plot the points: (—18, 0) and (0, 9). From the sketch, we can see that the line passes through quadrants I, IJ, and Ill. 


3 
10. y= 3xt 6: First, calculate the slope of the line: 


slope = == = oe a ape 
run 0 — (—4) 4 2 
We can see from the graph that the line crosses the y-axis at (0, 6). The equation of the line is: 
3 
=—x+6 
á 2 
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my 








11. (5, -3): To find the coordinates of the point of intersection, solve the system of 2 linear equations. You could | | 


turn both equations into slope-intercept form and set them equal to each other, but it is easier is to multiply the first 
equation by 2 and then add the second equation: 





2x+y= 7 (first equation) 7x=35 (sum of previous two eqations) 
| 4x+2y=14 (multiply by 2) x=5 
| 3x-2y=21 (second equation) | 
Now plug x = 5 into either equation: 
2x + y=7 (first equation) 10+ y=7 Le 
Thus, the point (5, —3) is the point of intersection. There is no need to graph the two lines to find the point of 
intersection. i 
12. B: l 
| | 
We've illustrated the line on the coordinate plane above. Because the equation is already in slope intercept form (y | 
= mx + 6), you can read the y-intercept directly from the 6 position, and use the slope to determine the x-intercept. 
A slope of 3/2 means that the line corresponding to this equation will rise 3 for every 2 that it runs. You don’t need to | 
determine the exact x-intercept to see that it is positive, and so greater than —2. | 
Alternatively, you could set each variable equal to 0, and determine the intercepts. | 
To determine the y-intercept, set x equal to 0, then solve for y: i 
| 3 | 
=—x-2 
ý 2 
3 
== (0)-2 
AE 
y=0-2=-2 


To determine the x-intercept, set y equal to 0, then solve for x: 
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3 
=2x-2 
TS 
3 

0)=%x-2 
(0) -~ 
2=-x 
4 
Tay 
3 

Quantity A 


The y-intercept of the line 


2 


Therefore Quantity B is greater. 
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uantity B 
The x-intercept of the line 


2 
3 


13. A: The best method would be to put each equation into slope-intercept form (y = mx + 6), and see which has the 
greater value for m, which represents the slope. Start with the equation in Quantity A: 


2x + 5y = 10 
5y = —2x + 10 
2 
erry, 
yas 
Quantity A 
The slope of the line 


2x + 5y = 10 is - 


Now find the slope of the equation in Quantity B: 


5x + 2y= 10 
2y =—5x + 10 
aes 
a: 
Quantity A 
-2/5 


Be careful. Remember that E > -2 - Therefore Quantity A is larger. 
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uantity B 
The slope of the line 
5x + 2y= 10 


uantity B 
The slope of the line 


5 
5x + 2y = 10 is = 








| 
y INACTION ANSWER KEY THE COORDINATE PLANE SOLUTIONS Chapter 7 
i 
The illustration above shows the two points from Quantity A, here labeled A, and A,, and the two points from 
Quantity B, here labeled B, and B,. We have constructed a right triangle from the A values by finding a point (0, 
0) directly below A, and directly to the right of A,. This right triangle has legs of 2 (the change from -2 to 0) and 9 
(the change from 0 to 9). We can plug those values into the Pythagorean Theorem and solve for the hypotenuse: 
Æ+B=C? 
QP + (9)? = C? : 
4 +81 =C? | 
C? = 85 j 
C=4/85 
| e 
The distance between points The distance between points (3, 9) 
| (0, 9) and (22, 0) = /85 and (10, 3) 


We have constructed a right triangle from the B values by finding a point (3, 3) directly below B, and directly to the 
left of B,. This right triangle has legs of 7 (the change from 3 to 10) and 6 (the change from 3 to 9). We can plug 
those values into the Pythagorean Theorem and solve for the hypotenuse: 


A+ BSC? 
(7)? + (6)? = C? 
49 + 36 = C? 
E-*=85 


C= 4/85 
Quantity B 
The distance between points (3, 9) 


J85 and (10, 3) = ./85 


Therefore the two quantities are equal. 


$ 
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Geometry Drill Sets 
DRILL SET 1: 


Drill 1 

1. The radius of a circle is 4. What is its area? 

2. The diameter of a circle is 7. What is its circumference? 
3. The radius of a circle is 3. What is its circumference? 

4. The area of a circle is 367. What is its radius? 

5. The circumference of a circle is 187. What is its area? 


Drill 2 

1. The area of a circle is 1007. What is its circumference? 

2. The diameter of a circle is 16. Calculate its radius, circumference, and area. 

3. Which circle has a larger area? Circle A has a circumference of 67 and Circle B has an area of 87. 

4. Which has a larger area? Circle C has a diameter of 10 and Circle D has a circumference of 127. 

5. A circle initially has an area of 47. If the radius is doubled, the new area is how many times as large as 
the original area? 


Drill 3 

1. A sector has a central angle of 90°. If the sector has a radius of 8, what is the area of the sector? 

2. A sector has a central angle of 30°. If the sector has a radius of 6, what is the arc length of the sector? 
3. A sector has an arc length of 7r and a radius of 7. What is the central angle of the sector? 

4. A sector has a central angle of 270°. If the sector has a radius of 4, what is the area of the sector? 

5. A sector has an area of 247 and a radius of 12. What is the central angle of the sector? 


Drill 4 


1. The area of a sector is th the area of the full circle. What is the central angle of the sector? 
10 


2. What is the perimeter of a sector with a radius of 5 and a central angle of 72°? 
3. A sector has a radius of 8 and an area of 87. What is the arc length of the sector? 


4. A sector has an arc length of — and a central angle of 45°. What is the radius of the sector? 
2 


5. Which of the following two sectors has a larger area? Sector A has a radius of 4 and a central angle of 
90”. Sector B has a radius of 6 and a central angle of 45”. 





DRILL SET 2: 

a i | for the 

1. A triangle has two sides with lengths of 5 and 11, respectively. What is the range of values for 
e nuse is 5. What is the 


2. In a right triangle, the length of one of the legs is 3 and the length of the hypote 
length of the other leg? 


3. What is the area of Triangle DEF? 
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E 
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D g F 


4. Which side of Triangle GHI has the longest length? 


; 
| 30° 
| 100°> y 
50° 
G 
| 
| 
| 








Not drawn to scale. 


5. What is the value of x? 


| B 
: A C 


Not drawn to scale. 


A RA 


Drill 2 


1. Two sides of a triangle have lengths 4 and 8. Which of the following are possible side lengths of the third 
side? (More than one may apply.) 


a2 b4 c6 d.g 


art da 


2. DFG is a straight line. What is the value of x? 


E 
Xe 
100° 120° 
D F G 


3. Isosceles triangle ABC has two sides with lengths 3 and 9. What is the length of the third side? 


you can find all NEW GRE books in tan GRE Prep Kaplan, Barron's, Princeton here: 
http://gre-download.blogspot.com 
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4. Which of the following could be the length of side AB, if x< y < 2? 
a6 b.10 c.14 


B 
4 
7 
A A 
A 4 C 
5. What is the area of right triangle ABC? 
B 
` 13 
A 12 C 
Drill 3 
1. What is the perimeter of triangle ABC? 


B 
A 
A 3 C 


2. The area of right triangle ABC is 15. What is the length of hypotenuse BC? 


B 
A C 


3. What is the length of side HI? 
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4. Which triangle has the greatest perimeter? 


B 
o E 
60°\ , 
0 60° 60° 
C D 12 F 


5. WZ has a length of 3 and ZX has a length of 6. What is the area of Triangle XYZ? 
Y 





X Z W 
DRILL SET 3 
Drill 1: 
1. What is the perimeter of parallelogram ABCD? 
B 8 C 
7 
A D 


2. What is the area of parallelogram EFGH? 
E F 


H 10 G 


3. The two parallelograms pictured below have the same perimeter. What is the length of side EH? 














A E 
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4. In Parallelogram ABCD, Triangle ABC has an area of 12. What is the area of Triangle ACD? 
B C 
A D 


5. Rectangle WXYZ and Rectangle OPQR have equal areas. What is the length of side PQ? 


X Y 
P Q 
3 
2 
W 4 Z O R 
Drill 2 
1. What is the area of Rectangle ABCD? 


B C 
4 
A D 


2. In Rectangle ABCD, the area of Triangle ABC is 30. What is the length of diagonal AC? 


B C x 
la : 
A D E 


3. Rectangles ABCD and EFGH have equal areas. What is the length of side FG? 


F G 
B C 
Fá 
A 8 D E H 






B -13 
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4. A rectangle has a perimeter of 10 and an area of 6. What are the length and width of the rectangle? 


5. Triangle XYZ and Rectangle JKLM have equal areas. What is the perimeter of Rectangle JKLM? 


i K L 
15 
6 
A 12 C J M 


Drill 3 
1. What is the perimeter of a square with an area of 25? 


2. A rectangle and a square have the same area. The square has a perimeter of 32 and the rectangle has a 
length of 4. What is the width of the rectangle? 


3. A circle is inscribed inside a square, so that the circle touches all four sides of the square. The length of one of 
the sides of the square is 9. What is the area of the circle? 


A IS a at AE i i a III A TL D a a aaa 


4. Square ABCD has an area of 49. What is the length of diagonal AC? 
B C 


A D 


5. Right Triangle ABC and Rectangle EFGH have the same perimeter. What is the value of x? 


B 

F X G 
3 

2 
A 4 C E H 
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DRILL SET 4: 


Drill 1 
1. Draw a coordinate plane and plot the following points: 
1.(2,3) 2.(-2,-1) 3.(-5,-6) 4. (4, -2.5) 


2. What are the X- and Y-coordinates of the following points? 





4. What is the x-coordinate of the point on the line that has a y-coordinat 


e of -4? 
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5. Does the point (3, —2) lie on the line y = 2x — 8? 


Drill 2 

1. Does the point (-3, 0) lie on the curve y = x? — 3? 

2. For the line y = 4x + 2, what is the y-coordinate when x = 3? 
3. What is the y-intercept of the line y = -2x — 7? 


1 
4. Graph the line y = y 4. 


1 
5. Graph the line > y= 7x4 1. 
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Drill Set Answers 
DRILL SET 1: 
Set 1, Drill 1 


1. 167: The radius of a circle is 4. What is its area? 


Area of a circle is 17’, so the area of the circle is r(4)?, which equals 167. 


2.7m: The diameter of a circle is 7. What is its circumference? 


Circumference of a circle is 27r, or rd. We have the diameter, so the circumference equals (7), which 
equals 77. 


Circumference of a circle is 27rr, or md. We have the radius, so circumference equals 27(3), which equals 67. 


4.6: The area of a circle is 367. What is its radius? 


Area of a circle is 17, so 36r = nr. We need to solve for r. Divide both sides by 7, so 36 = 7. Take the 
square root of both sides, and 6 = r. We can ignore the negative solution because distances cannot be nega- 


tive. 


5. 811: The circumference of a circle is 187. What is its area? 


The connection between circumference and area is radius. We can use the circumference to solve for the 
radius. 187 = 277, which means that 9 = r. That means that area = rr(9)?, which equals 817. 


3. 67: The radius of a circle is 3. What is its circumference? 
Set 1, Drill 2 


1. 207: The area of a circle is 1007r. What is its circumference? 


Or = mr, and solving for r gives us r= 10. That 


means that Circumference = 27(10), which equals 207. 


2. 8, 1677, 647: The diameter of a circle is 16. Calculate its radius, circumference, and area. 


d= 2r, so 16 = 2r. Radius = 8. Circumference = 277, so Circumference = 27(8) = 167. Area = 777°, so Area 


= 7(8)* = 647. 


The connection between circumference and area is radius. 10 


| 3. Circle A: Which circle has a larger area? Circle A has a circumference of 6m and Circle B has an area of 87. 


we need to find the area of Circle A. If we know the circumfer- 


T » e ] h l ea, 
E ei ME Tr(3)? = 97. 97 > 8T, so Circle A has a larger 


ence, then 6r = 27r, which means r = 3. If r= 3, then Area = 


arta. 


ameter of 10 and Circle D has a circumference of 127. 


4. Circle D: Which has a larger area? Circle Chas a di 


| We need to find the area of both circles. Let's start with Circle C. If the diameter of Circle C is 10, then the 


radius is 5. That means that Area = (5) = 257. 


If the circumference of Circle D is 127, then 127 = Pnr. r= 
257, so Circle D has the larger area. 


6. If r= 6, then Area = 1(6)? = 367. 367 > 
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5. 4 times: A circle initially has an area of 47. If the radius is doubled, the new area is how many times as large as 


the original area? 


To begin, we need to find the original radius of the circle. 4a = 177°, so r = 2. If we double the radius, the 
new radius is 4. A circle with a radius of 4 has an area of 167. 167 is 4 times 47, so the new area is 4 times 


the original area. 
Set 1, Drill 3 


1. 167: A sector has a central angle of 90°. If the sector has a radius of 8, what is the area of the sector? 


4 


area of the sector, we need to find the area of the whole circle first. The radius js 8, which means the area is 


1(8)* = 64r. z x 64m = 16r. The area of the sector is 167. 


If the sector has a central angle of 90°, then the sector is 1/4 of the circle, because = = — . To find the 


2.7: A sector has a central angle of 30°. If the sector has a radius of 6, what is the arc length of the sector? 


If the sector has a central angle of 30°, then it is 1/12th of the circle, because = = 2. To find the arc 
360 12 


length of the sector, we need to know the circumference of the entire circle. The radius of the circle is 6, so 


the circumference is 27(6) = 127. That means that the arc length of the sector is = x 127 = 7. 
3. 180°: A sector has an arc length of 77 and a radius of 7. What is the central angle of the sector? 


To find the central angle of the sector, we first need to find what fraction of the full circle the sector is. We 


have the arc length, so if we can find the circumference of the circle, we can figure out what fraction of the 


circle the sector is. The radius is 7, so the circumference is 27(7) = 147. Le = 1 . So the sector is 1/2 the 
2 


lár 
full circle. That means that the central angle of the sector is > x 360° = 180°. So the central angle is 180°. 


4. 127: A sector has a central angle of 270°. If the sector has a radius of 4, what is the area of the sector? 


270 3 
60° i 4 To find the area of the sector, we need the area of the 





The sector is 3/4 of the circle, because 


whole circle. The radius of the circle is 4, so the area is T(4} = 16r. That means the area of the circle is 


- x 167 = 127. 


5. 60°: A sector has an area of 247 and a radius of 12. What is the central angle of the sector? 


We first need to find the area of the whole circle. The radius is 12, which means the area is 1(12)? = 1447. 


24r 1l 
TE ds the sector is 1/6th of the entire circle. That means that the central angle is 1/6th of 360. 


1 
a x 360 = 60, so the central angle is 60°. 
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Set 1, Drill 4 

1. 36°: The area of a sector is 1/10th the area of the full circle. What is the central angle of the sector? 
If the area of the sector is 1/10th of the area of the full circle, then the central angle will be 1/10th of the 
degree measure of the full circle. — X 360 = 36, so the central angle of the sector is 36°. 

2. 10 + 27: What is the perimeter of a sector with a radius of 5 and a central angle of 72°? 


To find the perimeter of a sector, we need to know the radius of the circle and the arc length of the sector. 


arc length 


radius radius 


We know the radius is 5, so now we need to find the arc length. Let’s begin by determining what fraction 


a ates ame, sermar meee aama aa a NR op ee 
am Anav el eria i a a aa e ar a e—a. — > 


of the circle the sector is. The central angle of the sector is 72°, so the sector is 1/5th of the circle, because 
WES = I Now we need to find the circumference. The radius is 5, so the circumference of the circle is | 
360 5 1 ! 


2m(5) = 107. The arc length of the sector is 1/5th the circumference. E x 107 = 27. So now our sector 


looks like this. The perimeter of the sector is 10 + 27. 0 
27 | 


3. 27: A sector has a radius of 8 and an area of 87. What is the arc length of the sector? 


We first need to find what fraction of the circle the sector is. We can do this by comparing areas. The radius 
64m. That means the sector is 1/8th of the circle, because 


. . 2 ER 
of the circle is 8, so the area of the circle is 7(8)* = 
ow the circumference. The radius is 


EL “Tf we want to find the arc length of the sector, we need to kn 
pe The sector is 1/8th of the circle, so the arc length will be 1/8th of the 


8, so the circumference is 27(8) = 167. 
circumference. 1/8 x 167 = 27. The arc length of the sector is 27. 
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4.2: A sector has an arc length of 7/2 and a central angle of 45°. What is the radius of the sector? 


If the sector has a central angle of 45°, then the sector is 1/8th of the circle, because = = > . If the sector 
is 1/8th of the circle, then that means the arc length of the sector is 1/8th of the circumference of the circle. 
That means that 7/2 is 1/8th of the circumference. If we designate x as the circumference of the circle, then 
we can say that = = E x - Multiply both sides by 8, and we get 47 = x. That means the circumference is 
ár. We know the formula for circumference, so we know that 4r = 27r. Divide both sides by 27 and we 


get r= 2. The radius of the sector is 2. 


5. Sector B: Which of the following two sectors has a larger area? Sector A has a radius of 4 and a central angle of 
90°. Sector B has a radius of 6 and a central angle of 45°. 


We need to find the area of each circle. Sector A is 1/4th of the circle, because = = A The radius is 4, so 


the area of the circle is r(4)? = 16r. That means the area of Sector A is 1/4th of 167. 1/4 x 167 = ár, so 


the area of Sector A is 47. 


Sector B is 1/8th of the circle, because Z The radius of Sector B is 6, so the area of the full circle is 
T(6)? = 367. Sector B is 1/8th of the hen so ie area of Sector B is ; x 36r = 4.57. The area of Sector B 
is 4,57. 
4.51 > 4r, so the area of Sector B is greater than the area of Sector A. 

DRILL SET 2: 

Set 2, Drill 1 


1. 6 < third side < 16.: A triangle has two sides with lengths of 5 and 11, respectively. What is the range of values 
for the length of the third side? 


The lengths of any two sides of a triangle must add up to more than the length of the third side. The third 
side must be less than 5 + 11 = 16. It must also be greater than 11 — 5=6. Therefore, 6 < third side < 16. 


2.4: Ina right triangle, the length of one of the legs is 3 and the length of the hypotenuse is 5. What is the 
length of the other leg? 


If you know the lengths of two sides of a tight triangle, you can use the Pythagorean Theorem to solve for 
rie length of the third side. Remember that the hypotenuse must be the side labeled c in the equation @ + 
b? = c?. That means that (3)? + (6)? = (572. 9 + RP =25. p = 16, so b= 4. 


Alternatively, you can recognize the Pythagorean triplet. This is a 3—4—5 triangle. 











= Prer 


ew: stand 


the n 








DRILL SETS ANSWER KEY Chapter 8 





3.24: What is the area of Triangle DEF? 
E 





The area of a triangle is Ps) x (height). Remember that the base and the height must be perpendicular 
to each other. That means that in Triangle DEF, side DF can act as the base, and the line dropping straight 


down from point E to touch side DF at a right angle can act as the height. Therefore 


Ree (8) x (6) = 24. 


4. Side GH: Which side of Triangle GHT has the longest length? 
30° 


50° 
Not drawn to scale. 


Although GZ looks like the longest side, remember that you can’t trust what the picture looks like when the 
question states the picture is not drawn to scale. In any triangle, the longest side will be opposite the largest 
angle. Angle GJH is the largest angle in the triangle, and side GH is thus the longest side. 


5.80: What is the value of x? 


If you know the other 2 angles in a triangle, then you can find the third, la 

because all 3 angles must add up to 180. In Triangle ABC, sides AB and | 
BC are equal. That means their opposite angles are also equal. That 7 
means that angle ACB is also 50°. : | 

A C : 

Not drawn to scale. B | 

x’ 
50° 50° 
A C 


Now that we know the other 2 angles, we can find angle x. We know that 50 + 50 + x= 180, so x = 80. 
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Set 2, Drill 2 


l. e 81 d: Two sides of a triangle have lengths 4 and 8. Which of the following are possible side lengths of the 
third side? (More than one may apply.) 


a2 b4 «6 d8 


The lengths of any two sides of a triangle must add up to more than the length of the third side. The third 
side must be less than 4 + 8 = 12 and greater than 8 — 4 = 4. So 4 < third side < 12. Only choices c. and d. 
are in that range. 


2.20: DFG is a straight line. What is the value of x? 


E To find the value of x, we need to find the degree measures 

of the other two angles in Triangle DEF. We can make use of 
the fact that DFG is a straight line. Straight lines have a degree 
measure of 180, so angle DFE + 120 = 180, which means 
angle DFE = 60. 


100° 120° 
D F G 





100° 60° 





Now we can solve for x, because 100 + 60 + x= 180. Solving for x, we get x = 20. 
3.9: Isosceles triangle ABC has two sides with lengths 3 and 9. What is the length of the third side? 


It may at first appear like we don’t have enough information to answer this question. If all we know is that 
the triangle is isosceles, then all we know is that two sides have equal length, which means the third side has 


a length of either 3 or 9. But if the third side were 3, then the lengths of two of the sides would not add up 
to greater than the length of the third side, because 3 + 3 is not greater than 9. 


9 
3 4 D 3 Can't make 3 = Can make a 
: a triangle. 9 triangle. 


That means that the length of the third side must be 9. 


4.b: Which of the following could be the length of side AB, if x < JSZ 
a6 b.10 c14 
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B 

A There are two properties of a triangle at play here. The lengths of any two sides of a 
triangle must add up to greater than the length of the third side. Also, longer sides 
must be opposite larger angles. Answer choice a. is out because side AB is opposite 


7 
the largest angle, so side AB must have a length greater than 7. Answer choice c. is 
out, because 4 + 7 = 11, so the third side has to be less than 11. The only remain- 
> e C ing possibility is b. 10, 


A 4 
5.30: What is the area of right triangle ABC? 


B To find the area, we need a base and a height. If we can find the length of 
13 side AB, then AB can be the height and AC can be the base, because the 
two sides are perpendicular to each other. 
A 2 C We can use the Pythagorean Theorem to find the length of side AB. (a)* + 
(12)? = (13). a2 + 144 = 169. a? = 25. a= 5. Alternatively, we could rec- 


ognize that the triangle is a Pythagorean triplet 5-12-13. 


13 Now that we know the length of side AB we can find the area. Area = 
7 (12) x (5) = 30. 


A 12 C 


Set 2, Drill 3 
1. 14.6: What is the perimeter of triangle ABC? 


ABC, we need the lengths of all 3 sides. There is 


A To find the perimeter of Triangle | 
no immediately obvious way to find the length of side BC, so let's see what infer- 
ences we can make from the information the question gave us. 

5.8 | 

We know the degree measures of two of the angles in Triangle ABC, so we can find 
the degree measure of the third. We’ll label the third angle x. We know that 30 + 

3 

B 


75 + x= 180. Solving for x we find that x= 75. 


Angle BAC and angle BCA are both 75, which means Triangle ABC is an isosceles 


triangle. If those two angles are equal, we know that their opposite sides are also 


A 
equal. Side AB has a length of 5.8, so we know that BC also has a length of 5.8. 
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o 
B To find the perimeter, we add up the lengths of the three sides. 
5.8 + 5.8 + 3 = 14.6. 
30" 
5.8 5.8 
75° 75° 
A 3 C 


2. 4/61: The area of right triangle ABC is 15. What is the length of hypotenuse BC? 


B To find the length of the hypotenuse, we need the lengths of the other two sides. 
Then we can use the Pythagorean Theorem to find the length of the hypotenuse. 
5 We can use the area formula to find the length of AC. Area = 1 (base) x (height), 
2 
A C and we know the area and the height. So 15 = > (base) x (5). When we solve this 
equation, we find that the base = 6. 
B Now we can use the Pythagorean Theorem. (5)? + (6)? = 2. 25+ 36=2. 6l=2. 


u 


61 = c. Since 61 is not a perfect square, we know that c will be a decimal. 61 is 
also prime, so we cannot simplify /61 any further. (It will be a little less than 
V64 =8.) 


> 
a 
D 


3. 10: What is the length of side HI? 


There is no immediately obvious way to find the length of side HTI, so let's see 


H 
what we can infer from the picture. We know two of the angles of Triangle GHI, 
so we can find the third. We'll label the third angle x. 37 + 53 + x= 180. That 
8 means x= 90. So really our triangle looks like this: 
j 
7 H 


You should definitely 
redraw once you 
discover the triangle is 
8 a right triangle! 
= 
G 6 I 


cd ser = know Triangle GHT is a right triangle, we can use the Pythagorean Theorem to find the 
ail o HI is the hypotenuse, So (6)? + (8) = ¢?, 36 + 64 = c. 100 = e. 10 =c. The length of HI is 


Alternatively, we could have recognized the Pythagorean triplet. Triangle GHI is a 6-8-1 O triangle. 
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4, Triangle DEF: Which triangle has the greater perimeter? 


B 
o E 
60 9 
5 
60° 60° 

A C D 12 F 
To determine which triangle has the greater perimeter, we need to know the side lengths of all three sides of 
both triangles. Let's begin with Triangle ABC. 


B All three angles in Triangle ABC are 60°. If all three angles are equal, that means all 
\ three sides are equal in this equilateral triangle. So every side of Triangle ABC has a 
60 length of 9. That means the perimeter = 9 + 9 + 9 = 27. 


Now let’s look at Triangle DEF. Triangle DEF is a right triangle, so we can use the 
60° 60° Pythagorean Theorem to find the length of side EF. EF is the hypotenuse, so (5)? + 
A C (12)? =c2, 25+ 144 = č. 169 = œ. 13 = c. That means the perimeter is 5 + 12 + 13 
= 30. Alternatively, 5-12-13 is a Pythagorean triplet. 


30 > 27, so Triangle DEF has a greater perimeter than Triangle ABC. 
5.12: WZ has a length of 3 and ZX has a length of 6. What is the area of Triangle XYZ? 


Let’s start by filling in everything we know about Triangle XYZ. 


To find the area of Triangle XYZ, we need a base and a height. If Side 
XZ is a base, then YW can act as a height. We can find the length of YW 
because Triangle ZYW is a right triangle, and we know the lengths of two 
of the sides. YZ is the hypotenuse, so (a)? + 3) =(656).¢@+9=25.7= 
16. a= 4. 





Alternatively, we could recognize the Pythagorean triplet: ZYW is a 3-4—5 


triangle. 





X 6 Z 3 W 
] 1 
Now we know that the area of Triangle XYZ is > (b) x (A) = > (6) x (4) = 12. 


DRILL SET 3: 
Set 3, Drill 1 B 8 C 


1. 30: What is the perimeter of parallelogram ABCD? ; 
Opposite sides of a parallelogram are equal, so we know that side 

CD has a length of 7 and side AD has a length of 8. So the perimeter / 

is7+8+7+8=30. A 


standard | | | 
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2. 40: 


3. 2: 


5. 6: 











Alternatively, the perimeter is 2 x (7 + 8) = 30. We can say this because we know that 2 sides have a length 
of 7 and 2 sides have a length of 8. 


What is the area of parallelogram EFGH? 


E F 
E 
H 10 G 


The area of a parallelogram is base x height. In this parallelogram, the base is 10 and the height is 4 
(remember, base and height need to be perpendicular). So the area is 10 x 4 = 40. 


The two parallelograms pictured below have the same perimeter. What is the length of side EH? 
F G 


First we can find the perimeter of Parallelogram ABCD. We know that 2 sides have a length of 4, and 2 
sides have a length of 5. The perimeter is 2 x (4 + 5) = 18. That means Parallelogram EFGH also has a 
perimeter of 18. We know side GH also has a length of 7. We don't know the lengths of the other 2 sides, 


but we know they have the same length, so for now let's say the length of each side is x. Our parallelogram 
now looks like this: 


F x G So we know that 7 +x +7 +x=18 > 2x+14=18 > 2x=4>x=2 
: The length of side EH is 2. 
7 
E x H 
In Parallelogram ABCD, Triangle ABC has an area of 12. What is the area of Triangle ACD? 
B C 
A D 


One property that is true of any parallelogram is that the diagonal will split the parallelogram into two 
equal triangles. If Triangle ABC has an area of 12, then Triangle ACD must also have an area of 12. 


Rectangle WXYZ and Rectangle OPQR have equal areas. What is the length of side PQ? 





re 


| the new standard 








g DRILL SETS ANSWER KEY Chapter 8 


X Y 
P Q 
3 
2 
W 4 Z 0 R 


| 
We can start by finding the area of Rectangle WXYZ. Area of a rectangle is length x width, so the area of 





Rectangle WXYZ is 3 x 4 = 12. So Rectangle OPQR also has an area of 12. We know the length of side OP, 
so that is the length of Rectangle OPQR. So now we know the area, and we know the width, so we can solve 
for the length. /x 2 = 12 > /=6. The length of side PQ is 6. 


Set 3, Drill 2 
1.12: What is the area of Rectangle ABCD? 
B C 
To find the area of Rectangle ABCD, we need to know the length of AD or BC. In 


a rectangle, every internal angle is 90 degrees, so Triangle ABD is actually a right 
triangle. That means we can use the Pythagorean Theorem to find the length of 


4 side AD. Actually, this right triangle is one of the Pythagorean Triplets—a 3-4-5 
triangle. The length of side AD is 3. That means the area of Rectangle ABCD is 3 x 
4=12. 

A D 


2.13: In Rectangle ABCD, the area of Triangle ABC is 30. What is the length of diagonal AC? 


B C We know the area of Triangle ABC and the length of side AB. Because side BC is 
— perpendicular to side AB, we can use those as the base and height of Triangle ABC. 
> So we know that 1 (5) x (BC) = 30. That means the length of side BC is 12. 
2 
A D 
B 12 C Now we can use the Pythagorean Theorem to find the length of diagonal AC, 
— which is the hypotenuse of right triangle ABC. We can also recognize that this is a 
5 Pythagorean Triplet—a 5-12-13 triangle. The length of diagonal AC is 15. 
A D 


3.4: Rectangles ABCD and EFGH have equal areas. What is the length of side FG? 


G The first thing to notice in this problem is that we can find the 
length of side CD. Triangle ACD is a right triangle, and we know 
the lengths of two of the sides. We can either use the 
Pythagorean Theorem or recognize that this is one of our 


F 
B C 
12 Pythagorean Triplets—a 6-8-10 triangle. The length of side CD 
is 6. Now we can find the area of Rectangle ABCD. Side AD is 
the length and side CD is the width. 
8 x 6 = 48. 
A 8 D E | 


H 
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That means that the area of Rectangle EFGH is also 48. We can use the area and the length of side EF to 
solve for the length of side FG. 12 x (FG) = 48. The length of side FG is 4. 


4. length and width are 2 and 3: A rectangle has a perimeter of 10 and an area of 6. What are the length and 
width of the rectangle? 


In order to answer this question, let's begin by drawing a rectangle. In this rectangle, we'll make one pair of 
equal sides have a length of x, and the other pair of equal sides has a length of y. 


y 


y 


Using the lengths x and y, we know the perimeter of the rectangle is 2x + 2y. So we know that: 
2x + 2y= 10 This can be simplified to x + y = 5. 


We also know the area of the rectangle is xy = 6. 
xy =6 Area of the rectangle = /x w = 6 
Now we can use substitution to solve for the values of our variables. In the first equation, we can isolate x. 
x=5-y 


Substitute (5 — y) for x in the second equation. 


(5 — yy =6 

Sy-y=6 This is a quadratic, so we need to get everything on one side. 
y — 5y+6=0 Now we can factor the equation. 

(y— 3)(y— 2) =0 


So y= 2 or 3. 


When we plug in these values to solve for x, we find something a little unusual. When y = 2, x= 3. When 
y = 3, x = 2.What that means is that either the length is 2 and the width is 3, or the length is 3 and the 


width is 2. Both of these rectangles are identical, so we have our answer. 


5. 30: Triangle XYZ and Rectangle JKLM have equal areas. What is the perimeter of Rectangle /KLM? 


B 
K L 
15 
6 
A 12 C J M 
If we can find the length of side AB, then we can find the area of Triangle ABC. We can use the 


Pythagorean Theorem to find the length of side AB. (12)? + (AB)? = (15)? > 144 + AB? = 225 > AB? = 
81 > AB =9. (A 9-12-15 triangle is a 3—4-5 triangle, with all the measurements tripled.) 





Biga 


“the new standard 





Y | DRILL SETS ANSWER KEY 
de Chapter 8 


— 








Now that we know AB, we can find the area of Triangle ABC. It’s E (12) x 9=54 
E i 


That means that Rectangle JKLM also has an area of 54. We have one side of the rectangle, so we can solve 
Ps the other. 6 x (JM) = 54. So the length of side JM is 9. That means that the perimeter is 2 x (6 + 9) = 


Set 3, Drill 3 
1.20: What is the perimeter of a square with an area of 25? 


A square has four equal sides, so the area of a square is the length of one side squared. That means the 
rato of the sides of the square are 5. If each of the four sides has a length of 5, then the perimeter is 4 X 
5) = 20. 


2. 16: A rectangle and a square have the same area. The square has a perimeter of 32 and the rectangle has a length 


of 4. What is the width of the rectangle? 


We should start by drawing the shapes that they describe. 


The square has four equal sides, so that means that the perimeter is 4 
times the length of one side. If we designate the length of the sides of the 
square s, then the perimeter is 4s = 32. That means that s is 8. Now that 
we know the length of the sides, we can figure out the area of the square. 
Area = 82. So the area of the square is 64. 


That means that the area of the rectangle is also 64. We know the 
length of the rectangle is 4, so we can solve for the width. 4 x (width) = 


64. The width is 16. 


3. 20.257: A circle is inscribed inside a square, so that the circle touches all four sides of the square. The length of 
one of the sides of the square is 9. What is the area of the circle? 
We need to find a common link between the square and the circle, so that we 


can find the area of the circle. We know that the length of the sides of the square 
is 9. We can draw a new line in our figure that has the same length as the sides 


AND is the diameter of the circle. 


t the diameter of the circle is 9. If the diameter is 9, then the radius 


That means tha 
/ \ is 4.5. That means the area of the circle is 7(4.5)’, which equals 20.257. 
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| 4, 7/2: Square ABCD has an area of 49. What is the length of diagonal AC? 

| If the square has an area of 49, then (side)? = 49. That means that the length 
| of the sides of the square is 7. 
| 

1 

A 


Now we can use the Pythagorean Theorem to find the length of diagonal 
AC, which is also the hypotenuse of Triangle ACD. 7* + 7* = (AC y? > 98 = 


B 7 C 
(AC)? > V98 = AC. But this can be simplified. 
AC = J2x49 = 42x7 x7 =7W2. 

7 7 

A 7 D 


5.4: Right Triangle ABC and Rectangle EFGH have the same perimeter. What is the value of x? 


B 

F X G 
3 

2 
A 4 C E H 


Triangle ABC is a right triangle, so we can find the length of hypotenuse BC. This is a 3—4-5 triangle, so 
the length of side BC is 5. That means the perimeter of Triangle ABC is 3 + 4 + 5 = 12. 


That = Ap perimeter of Rectangle EFGH is also 12. That means that 2x (2 + x) = 12. So 4 + 2x= 12 > 
2x=8 > x=4. 
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DRILL SET 4: 
Set 4, Drill 1 


l. Draw a coordinate plane and plot the following points: 


1. (2,3) 2.(-2,-1) 3.(¢-5,-6) 4. (4,-2.5) 





2: A: (3,0) B:(-3,2) C:(1,—5) D:(0, —3) 


as an x-coordinate of 3 is —4. The point is (3, -4). If 


3. —4: The y-coordinate of the point on the line that h 
lope of —1 from the two labeled points that the line 


you want, you can determine that the line has a s 
intercepts, (—1, 0) and (0, —1). 
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á, —2: The x-coordinate of the point on the line that has a y-coordinate of —4 is —2. The point is (—2, 4). If 
you want, you can determine that the line has a slope of —2 from the two labeled points that the line 
intercepts, (—4, 0) and (-3, -2). 
5. Yes: For the point (3, -2) to lie on the line y = 2x — 8, y needs to equal —2 when we plug in 3 for x. 
y=2(3) -8 
y=6-8=-2 
y does equal —2 when x equals 3, so the point does lie on the line. 
Set 4, Drill 2 
|; No: For the point (3, 0) to lie on the curve y =x? — 3, y needs to equal 0 when we plug in —3 for x. 
pos) = 3 
y=9-3=6 
y does not equal 0 when x equals -3, so the point does not lie on the curve. 
2. 14: To find the y-coordinate, we need to plug in 3 for x and solve for y. 
y =4(3) +2 
y=12+2=14 
The y-coordinate is 14. The point is (3, 14). 
3. —7: The equation of the line is already in y= mx + b form, and b stands for the y-intercept, so we just 





need to look at the equation to find the y-intercept. The equation is y = —2x — 7. That means the 
y-intercept is —7. The point is (0, —7). 
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5. 





Chapter 8 


Graph the line y = = —4 


The slope (m) is 1/3, so the line slopes gently up to the 
right, rising only 1 unit for every 3 units of run. 


The y-intercept (b) is —4, so the line crosses the y-axis at 


(0, —4). 





] 
Graph the line Pe set l. 


Before we can graph the line, we need to put the equation into y = mx + b form. Multiply both sides 
by 2. 


y=-x+2 


The slope (m) is —1, so the line drops to the right, falling 


1 unit for every unit of run. 


The y-intercept is 2, so the line crosses the y-axis at (0, 2). 
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Geometry: Easy Practice Question Set 
1. 


Point O is the center of the circle PQR. 
Quantity A Quantity B 
The length of arc PQR 37 


2. Ifa triangle has sides measuring 5 inches and 12 inches, which of the following could not be the measure of 
the third side? 


(A) 7.5 inches 
(B) 10 inches 
(C) 12.5 inches 
(D) 15 inches 
(E) 17.5 inches 








3. 
A 
B C 
BD = CD 
ity A Quantity B 
y 
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4. The area of parallelogram ABCD equals 


(A) 6 
(B) 7.5 
(C) 543 
(D) 12 
(E) 15 





Lines / and m are parallel. 
Quantity A Quantity B 


y-z x 


6. What is the x-intercept of the line given by 2x + 5y = 7? 


(A) 1 
(B) 1.4 
(C) 2 
(D) 3 
(E) 3.5 
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7. Swimming Pool A has a perimeter of 100 meters. Swimming Pool B has a perimeter of 80 meters. Both | 
swimming pools are rectangular. . 





Quantity A Quantity B 
The area of Swimming Pool A, in square meters The area of Swimming Pool B, in square meters 
8. | 
A 
The cube has an edge of length 10. 
Quantity A Quantity B 
The length of the diagonal from point A to point B 17 
j | 
H : 
| 
l 
L N 3 
Quantity A Quantity B 
The length of MN 


The length of LM 
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10. 
In the xy-plane, the equation of line k is 4x + 5y = 3. 
Quantity A Quantity B 
The x-intercept of line k The y-intercept of line k 
11. 
P ee Q 
R 
S 
PQ is a diameter of the circle above. 
The length of PR The average (arithmetic mean) of the 
lengths of PQ and PS 

12. 





For the rectangular solid above, the square of the length of the diagonal XY is what? 


[| | 
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In the figure above, the diameter of the circle is 12. 


Quantity A 
The area of rectangle PQRS 


Quantity B 
80 





14. In the above diagram, lines / and k are parallel. If y — x = 30, what is z? 


(A) 60 
(B) 75 
(C) 90 
(D) 105 
(E) 120 
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15, 


16. 


17. 








In the above diagram, which of the following quantities would be sufficient to solve for the value of q? 


Indicate all such quantities: 


[A]r 
[8]s 
[c]t 
[D]u 
[E]v 
[F]t+u 
[G]u+v 


If two lines intersect such that one of the angles formed at the intersection measures 20°, which of the fol- 
lowing is the closest approximation to the product of the degree measures of all four angles formed at the 
intersection? 





(A) 1 x 10’ 
(B) 2x 10’ 
(C) 4 x 10’ 
(D) 2 x 10° 
(E) 4 x 10° 


Quantity A Quantity B 


The slope of line m 


The slope of line n 











Y IN ACTION GEOMETRY PRACTICE QUESTION SET Chapter 9 | 


Point Q lies at (—3, 2). 
Quantity A Quantity B 


The slope of line m =] 


19. Line k in the xy-plane goes through the point (1, 1) and has a negative slope. Which of the following points 
could lie on line k? | 


Indicate all such points: 


(1, 2) 
(2, 0) 
(-2, 0) 
[D] (-2, 2) 


20. y | 
A 6 B 
6 | 
4 | 
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Quantity A 


iangle STU 
The area of rectangle ABCD The area of triang 
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Geometry: Medium Practice Question Set 


1. In the coordinate plane, for which of the followin 
; g values of x wouid th . ES 
6x touch the x axis? the graph of the equation y = x°- x’ — 


(A) 2 
(B) -3 
(C) -2 
(D) 1 
(E) 6 


2. Points P, Q and R lie in the coordinate plane. If P = (1, 5), Q = (1, 1), and R = (7, y), how many different inte- 
ger values for y could be chosen to form triangle APQR, where none of the angles in APQR is greater than 


90°? 

(A) O 

(B) 3 

(C) 5 

(D) 7 

(E) It cannot be determined from the information given. 

3. 

A B 
C D 


Polygon ABCD is a square. 


The length of side BD 


0.6x 
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4. In the diagram above S = xy, where x and y are positive integers. Which of the following could equal x? 


Indicate all such possible values for x: 


26 
25 
10 
[o] 5 
[e] 4 
0 
-10 
5. Right triangle PRS has sides of length 6, 8 and x. 
X 10 
6. 
C 
13 
A 5 D B 


In the figure above, ZDBC = ZDCB . What is the area of triangle ABC? 
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PR is a diameter of the circle centered at O. If the area of sector OPQ equals 411, then the ratio of the circumfer- 
ence of the circle to 7 equals what? 


[| 


Ke 


8. 
D 
60° 
x YC 
Y | 
B | 


In the figure above, quadrilateral ABCD is inscribed in a circle. What is X— y? 


E 
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Circles 1, ll and Ill are mutually tangent with centers O, P, and Q, respectively. O, P and Q lie on line segment AB. 


Quantity A Quantity B 
The sum of the circumferences of circles / and ll The circumference of circle /// 


10. A beekeeper hosts two rectangular bee colonies in separate regions on her property. The first colony has 
an area of 600 square feet and a length of 40 feet. If the second colony has a width twice that of the first 


colony, but only > the area, the ratio of the perimeter of the first colony to that of the second colony 


equals wa ae 
[| 


C 
A 


11. Triangle ABC's longest side is length 10. If x + y % z and each side has an integer length, which of the follow- 
ing could be the length of its shortest side? 


Indicate all such lengths. 


[a] 4 
[B] 5 
[c] 6 
[o] 8 
[E] 9 
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IN ACTION GEOMETRY PRACTICE QUESTION SET 
12. 
b° 
a° 3a° 
Quantity A Quantity B 
a b 


Chapter 9 


13. A circular garden is surrounded by a fence (the width of the fence is negligible) along its boundary. If the 


length of the fence is 2 the area of the garden, what is the radius of the circular garden? 
2 


(A) 1 
(B) 2 
(C) 4 
(D) 8 
(E) 16 


14. 


C 
JA i 
A E 


if AB = BD PE a EE 
o yE] 


15. What is the perimeter, in inches, of a rectangular sandb 
lar sandbox 20 feet long and 5 feet wide? 


(A) 600 
(B) 800 
(C) 960 
(D) 1,080 
(E) 1,200 
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16. The relationship between the area A of a square and its perimeter is given by the formula A = nP”, where n 
is a constant. What is the value of n?? 





1 
(A) a 
1 
(B) 3 
1 
(C) e 
i 
2 (D) 64 
| (E) 556 


17. P, Q and R are each rectangles. The length and width of rectangle P are 30 percent less and 20 percent 
greater, respectively, than the length and width of rectangle R. The length and width of rectangle Q are 40 
percent greater and 40 percent less, respectively, than the length and width of rectangle R. 


Quantity A Quantity B 
The area of rectangle P The area of rectangle Q 


18. 





Sidewalk 


The diagram above represents a rectangular park with a sidewalk surrounding it. The park is 150 feet long and 
90 feet wide, not including the sidewalk. The sidewalk is 5 feet wide all the way around. The area of the side- 
walk alone is how many square feet? 


| | square feet 
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19. 





In the above diagram, which of the following quantities would be sufficient to solve for the value of b? 
Indicate all such quantities. 
[Ala 
: [B] 
| [cle 


[Dja+c 
| [Ejd+e 
| [Fld+f 
| [61g 


20. 
| 
i 
, 
E | 
B i 
| 
f 
The circumference of the circle centered at point A is 127. | 
14 The perimeter of triangle ABC 
n repo — 
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Geometry: Hard Practice Question Set 


CAUTION: These problems are very difficult—more difficult than many of the problems you will likely see on the 
GRE. Conside these “Challenge Problems.” Have fun! 





1. 


A 
In the cube above, the length of line segment AB is 8. The surface area of the cube equals what? 


| 


B (3, 4) 


2. 


In the above diagram, point C is not displayed. If the length of line segment BC is twice the length of line seg- 


ment AB, which of the following could not be the coordinates of point C? 


(A) (-5, -2) 
(B) (9, 12) 
(C) (10, 11) 
(D) (11, 10) 
(E) (13, 4) 
3. Line Mis described by the equation y = 3x + 10. Line N is described by the equation 2y = 5x — 6. 
Line P has a y-axis intercept of 6, and the point (6, 4) lies on line P. 


The measure of the largest angle created by the The measure of the largest angle — by the i 
intersection of line M and line N intersection of line M and line : 
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BE is parallel to CD. 


a XZ yw 


| 

| 
ine A D B 
a 

| l REF 

| D is the midpoint of AB, and E is the midpoint of BC. 
Which of the following statements MUST be true? 


Indicate all such statements: 


ED is parallel to AC 

The area of triangle EDB = the area of triangle CDE 
The area of triangle ADF < the area of triangle EDB 
[D] Angle ADF = angle CDF 

[E] The area of triangle ABC = AC x DF 
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D 
E C 
| 
A B 
AE = BC, ED = CD, EB is parallel to CD, and ED is parallel to CF 

Quantity A Quantity B 
The area of triangle ABE The area of quadrilateral EFCD 
| 7. 


qual to 1, AFC is an arc of a circle centered at D, and AEC is an 


| In the figure above, ABCD is a square with sides e 
hombus AFCE? 


arc of a circle centered at B. What is the area ofr 


(A) 2-42 
| (B) J2-1 
| (c) /2(2-4/2) 
| (D) v2 
(E) 14/2 
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8. Triangle ABD is inscribed in a semicircle centered at C. What is the area of triangle ABD? 


ay 22 
(A) B 
(B) 643 
(C) 12 
(D) 1243 
(E) 1843 





In the figure above, circle O has radius 8, and AB is parallel to CD. If the length of minor arc AB is twice the 
length of minor arc CD, what is the length of minor arc CD? 


(A) 27 


212 
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| 10. 
Quantity A Quantity B 
| 
| The volume of a right circular cylinder with 84 
radius and height each equal to 3 
11. 





m 


Lines m and n are parallel. 


| The measures of which of the following angles or pairs of angles, by themselves, are sufficient to determine the 
measure of angle a? 


| Indicate all that apply. 


[A]b 

Ele 

| [c]a 

[D]bandc 

| [E] cand e | 
[ F ]b and f j 

[G]candf | 
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| 12. 
x° 
70° 
y In the figure above, what is x? 
13. 
y 
Q(a,a) p 
(2a,a) 
R 
i 
' 
O x 
: | Trapezoid OPQR has one vertex at the origin. What is the area of OPQR? 
2 
a 
A) — 
(A) a 
2 
a 
B Ži 
(B) = 
30* 
C) —— 
(C) a 
NE 
0- 
: (E) 2a” 
P 
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14. Perpendicular lines m and n intersect at point (a, b), where a > b > 0. The slope of line m is between 0 and 
| 1. Which of the following statements MUST be true? 


| Indicate all that apply. 


| The x-intercept of line m is positive. 

| The y-intercept of line m is negative. 

| The x-intercept of line n is positive. 

[D] The y-intercept of line n is negative. 

| [E] The product of the x- and y-intercepts of line m is negative. 
The sum of the x-intercepts of lines m and n is positive. 


15. 





If PQ = 1, what is the length of RS? 


A 
(A) 5 


i 
| 
| 
t 
| 
a 
t 
; 


¡5 
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16. If the length of one side of a regular hexagon (all sides and angles equal) is 8, what is the area of the 
hexagon? 


| (A) 48 

(B) 364/3 
(C) 48/2 
ze (D) 96/3 
: (E) 128/2 


17. The average measure of the interior angles of an n-sided polygon is divisible by 10. For which values of n 
could this be true? 


Indicate all such possible values for n. 


7] l-]fe][0][=]f] 
o o oun + 


m 
© 


i) 
¡ 
ee 
! 
l 





18. In the figure above, A and B are the centers of the two circles. If each circle has radius x, what is the area of 
the shaded region? 


(27 —/3)x" 
6 


(47 -343 )x? 


12 


(47 -3/3)x* 


6 


(A) 








(B) 


(C) 
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| 











(47 -V3)x? 


| 
| (D) z 


(67 —1) x? 
| E 
| 6 
19. In the xy-plane, line n is a line that passes through the origin. 


Which of the following statements individually provide (s) sufficient additional information to determine 
| - whether the slope of line n is greater than 1? 


Indicate all such statements. 


| Line n does not pass through any point (a, b) where a and b are positive and a > b. 
Line m is perpendicular to line n and has a slope of —1. 
Line n passes through the point (c, d +1) where c and d are consecutive integers and c > d. 


20. 





the diagram above. The coordinates of point B are (-3, -4) : 


Parallelogram ABCD lies in the xy-plane, as shown in 
he area of the parallelogram? 


and the coordinates of point C are (-7, —7). What is t 


(A) 1 
(B) 2/7 
(C) 7 
(D) 8 


(E) 742 
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| Geometry: Easy Practice Question Solutions 
1. A: To find the length of arc PQR, we first need to calculate the circumference of the circle. This is found by the 


equation C = 2 x d= m x 2 x r. Because O is the center of the circle, we can use OR = 2 as the radius. Therefore 


po 
| C=xx2x2= 4n. Because ña of the circle is not included in arc PQR (60° is > of 360°), the remaining 2 of the 
6 


| circumference represents the length of arc PQR. Hence arc PQR = Beye = a = ay Or, put simply: 
| 6 67 32 

10 

T 3r 


Therefore Quantity A is greater. 


difference between the lengths of the two other sides, and less 


2. E: Any side x of a triangle must be greater than the 
= 7 inches and (12 + 5) = 


than the sum of the two other sides. In this case, the third side must be between (12 — 5) 
17 inches. Therefore 7 < x < 17. Only 17.5 inches is outside this range. 
tween angle measures x and y is 


then x = y. However, if point A 
in the figure to the right, 


3. D: Even though line segments BD and CD have equal lengths, the relationship be 
indeterminate. If AD is perpendicular to BC, as shown in the figure to the left (below), 
is skewed to one side, then the angle on that side becomes larger than the other. For example, 


X> y. 
A 
| ie 
B D C B D C 


We cannot infer anything from the appearance of the drawing, so we do not have enough information to determine 


which quantity is greater. 


nt right triangles, ABD and BCD. The length of diagonal BD 
the area of each of the 


4. D: Parallelogram ABCD is comprised of two congrue 
m or the 3-4-5 triangle rule. Thus, | 


is 4, as can be determined from the Pythagorean Theore 


right triangles is Ex 3x4 =6, and the area of ABCD is 12. 
z = 180 (supplementary angles). 
between y — z = (180 — x) — xand x. 

be equal. We do not 


e exterior angles of a transversal) and y + 
therefore 
or the two quantities may 


>. D: In the figure, x = z (alternat 
Combining, y + z= 180 so that y = 180 — x. The comparison is 
Depending on the value of x, either 180 — 2x or x may be greater, 
have enough information to determine which is the case. 
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6. E: The x-intercept of a line is the value of x at which the line crosses the x-axis. When a line crosses the x-axis, the 
value of y equals zero. Thus the x-intercept can be determined by setting y equal to zero in the equation for the line: 
2x+0=7,sox =3.5, 


7. D; Even though both swimming pools are rectangular and Swimming Pool A has a larger perimeter, it is possible 
for Swimming Pool B to cover a larger area or the same area as Swimming Pool A. For example, Swimming Pool A 

could have a length of 40 meters and a width of 10 meters (Perimeter = 2 x length + 2 x width for rectangles). This 
would give Swimming Pool A an area of 40 x 10 = 400 square meters. If Swimming Pool B is square, its area would 


2 
be F = 20° = 400, equal to that of Swimming Pool A. If instead Swimming Pool B had a length of 30 meters 


and a width of 10 meters, its area would equal 30 x 10 = 300 square meters. It is also possible to construct examples 
in which Swimming Pool B has a larger area. Thus we do not have enough information to determine which is a 
larger quantity. 


8. A: The formula for the length of a diagonal across opposite ends of a rectangular solid is as follows: Æ = 2 + u? + 
h’, where l, w, and h are the length, width, and height of the rectangular solid. Since /= w = h for a square, we can 


simplify this to: 4? = 3P. Since /= 10, æ = 3(10), and d=104/3. Using the GRE on-screen calculator, you can 
determine that J3 is slightly larger than 1.7, so d is slightly larger than 17 Tha Quantity A is larger. 

o 
9. C: Because the interior angles of a triangle must sum to 180°, angle LNM must equal 180° ~ 75° — 30° = 75°. 
Therefore triangle LMN is an isosceles triangle, and sides LM and MN must be equal length. Therefore the two 
quantities are equal. 


10. A: Rewriting the equation in standard form (y = mx + b), we get 5y = —4x + 3, so y= od + 2 . To find the 
5 5 


x-intercept, we set y = 0 and solve for x. Similarly, to find the y-intercept, we set x = 0 and solve for y. 


x-intercept: e E > 4 -3 sy y? 
5 5 > 5 4 
4 3 3 

-intercept: y==—(0)+% => y= 

J pt: y z (0) 5 y : 


Therefore Quantity A is greater. 
11. D: Notice that a diameter (such as PQ in the diagram) is the largest chord that can be drawn through a circle. 


The farther a chord passes from the center, the smaller the chord will be. Therefore, PQ > PR > PS. The question 
asks us to compare the length of PR, the middle-length chord, to the average of PQ and PS: 


ie 
Zz a 
Multiplying by 2, we get, is 2PR> PQ + PS? 


By moving PR and PS around, we can see that in some cases, 2PR will be larger; in others, PQ + PS will be larger. 
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Ç R 
2PR > PQ + PS 2PR < PQ + PS 


Therefore, there is not enough information in the diagram to determine which quantity is greater. 


12. 234: To calculate the diagonal of a rectangular solid, can simply take the sum of the squares of the length, width, 
and height, and take the square root. (This is the mathematical equivalent of using the Pythagorean Theorem twice 
in succession.) For this problem, we need only report the square of the length, so we do not need to find the square 


root of the sum of the squared sides. 


XY = 112 + 7? + 8? = 121 + 49 + 64 = 234. 


2 2 
f 12 
13. B: Given that the diameter of the circle is 12, the area of the circle is given by Tr ve $ l =x E = 367. 


The inscribed rectangle PQRS must be smaller than that. The question is, what are the limitations on its size? 


e figure at left, below. This 
hing 0. Thus the 


To picture the smallest possible rectangle, envision one extremely short and wide, as in th 
rectangle would have a width approaching that of the circle’s diameter (12), but a height approac 


area would approach 0. 


To picture the largest possible rectangle, envision perfect square. As in the figure at right, the diagonal QR = 12, 
which is also a diameter of the circle. This diameter cuts the square into two 45-45-90 triangles, which have sides in 


the proportion 1:1:/2 . Therefore the side of the square would equal 12 _ 62, and the area would equal 
2 
(6/2 ) = 72, which is less than Quantity B (80). Therefore, 


the rectangle will always have an area smaller than 


Quantity B. Quantity B is larger. 
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14. D: Because / and & are parallel, the horizonal line creates a transversal. As a result, y = z. In addition, x + y = 180, 
because x and y are supplementary angles. The question stem tells us that y— x = 30. If we add these two equations 
together, we get 2y = 210, or y= 105. Therefore z = 105. 


15. A, B, C, and G: Because £, u, and v are the interior angles of a triangle, + u + v = 180. Also, since g and tare 
supplementary angles, q + t= 180. Therefore t+ u + y= q + t, which implies that u + v = q. Therefore, knowing 
the value of u + v would enable us to solve for q. Thus Choice G is correct. Knowing u or v individually would not 
enable us to solve for g, nor would knowing the sum ¢ + u. (That sum would enable us to solve for v, which we have 
already established is not sufficient to solve for q.) 


: As previously stated, q + t= 180, so knowing £ would enable us to solve for q. Thus Choice C is correct. 


Finally, q and s are opposite angles, as are r and t, so q =s, and r= t. Thus knowing s gives us q directly, and know- 
ing r gives us ¢ directly, which we have already demonstrated is sufficient. Thus Choices A and B are correct. 


SE A ca Ee a P a ne es ae 


16. A: Because one of the angles formed equals 20”, the other angles must measure 20°, 160°, and 160° (see diagram). 


A thd cers o eee A fete A ti chy 


i. 
H 
i 
hl 
4 
ae 
if 
| 
1 





Therefore the product of all four degree measures = (20)?(160)? = 400 x 25,600 = 10,240,000. This is very close to 
10,000,000, or 1 x 107. 


17. A: Slope is defined as ee) or —. In the 


—, given diagram, both lines have a negative slope, but for any 
change in x run 


given change in x, the negative change in y is larger for line than for line m. (In other words, line n is “falling” fast- 
er than line m). Therefore the absolute value of the slope of line » is larger than that of line m, but since both slopes 
are negative, the slope of line m is the larger quantity. Therefore Quantity A is larger. 
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18. D: Because the point Q lies at (—3, 2), the slope of the line containing both Q and the origin (O) has a slope of 
2. Line miis steeper than that, with a negative slope. Therefore the slope of line m is < -£ . It is possible for the 
slope to be -2 , —1, or —2, for example. Therefore we do not have enough information to determine which quan- 
| tity is larger. 


19. B and D: The easiest way to solve this problem is to draw the xy-plane with each of the points in the answer 


| choices plotted: 


D: (22,2) A: (1,2) 
O o 

| (1,1) 
C: (—2,0) B: (2,0) 





Drawing a line between (1, 1) and Choice A would produce a vertical line (infinite or undefined slope). 


Drawing a line between (1, 1) and Choice B would produce a line with negative slope (—1). 


Drawing a line between (1, 1) and Choice C would produce a line with positive slope (5) 


Drawing a line between (1, 1) and Choice D would produce a line with negative slope e ) 


Therefore Choices B and D satisfy the conditions in the problem. 

20. C: The formula for the area of rectangle ABCD = 1x w=6 x 4= 24. To igure out aer = — pe a 
need to use the Pythagorean Theorem to solve for ST (the base of the triangle): 6? + ST? = 10. Therefore, 

and ST = 8. Alternatively, we could recognize that triangle STU is a 6-8-10 triangle. 


l | 
1 pie fl es + = 94 | 
The area of a triangle is given by the formula e which in this case equals A (8)(6) | 


The two quantities are equal. 


* 
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Geometry: Medium Practice Question Solutions 


| 1. C: In the standard C i ; 

| cala artesian pooreinarg plane, a line crosses the x-axis at values of x that return a y value of 0 

| s are » À ue of 0. 

y sey: p = own as the “roots” of the equation. To find the roots of the equation y = x° 

| actor the right side of the equation as follows: j a a 


y=x%-x — 6x 

| y = x(x° — x — 6) 

y = x(x + 2)(x - 3) 

| Hence, y = 0 when x = 0, —2, or 3. Only Choice C matches one of these roots. 


2G: i i 
rhs pare angle is an angle with degree measure higher that 90°. As the following diagram shows, if y is greater 
ess than 1, it will cause APQR to have an obtuse angle. Therefore, y must be an integer between 1 and 5 


| inclusive. 





Q (1) 





| 
3. B: The ratio of the length of a side of a square to the length of its diagonal (labeled x in this diagram) is 1: 2, 


_90) triangles. We may find the length of a 
x 


— 


because the diagonal divides the square into two right isosceles (45-45 


side of the square by dividing x by V2 Since V2. is roughly equal to 1.4 (or >) side BD equals approximately 7,or 
5 


5x , 
ra This equals approximately 0.7x. Quantity B is greater. 


4. A, C, and D: Since opposite angles are equal, we know that there are two 50° angles and two angles of S° in this 
the total degree measure must be 360°. Therefore, 25° = 360° 


diagram. Since the set of angles forms a complete circle, 
~2 x 50° = 260°, and S= 130°. Since S = xy, it must be true that xy = 130. 

30 can be broken down into the 
t of these prime factors. 25 and 
f x were equal to 0, $ would 


mine which integers could multiply to produce 130. 1 
30 must be composed of only some ubs 
Furthermore 0 cannot be possible, because i 


| From there, we need to deter 

| prime factors 2 x 5 x 13, so any factor of 1 
4 are not composed strictly of 2, 5, and 13. 
have to equal 0. 

stion stem stipulates that both x and y be positive 


| 
Note finally that —10 is not a possible value of x, because the que 


integers. 
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5. D: The trap in this problem is the common (but faulty) assumption that 6 and 8 are the lengths of the two per- 
pendicular sides of a right triangle, because 6-8-10 triangles are common on the GRE. 


If that were the case, the Pythagorean theorem or the 3-4-5 triangle rule could be used to determine that the length 
x of the hypotenuse equals 10: 6? + 8? = 10? . However, it is also possible that the side with length 8 is the hypot- 


enuse of the triangle. In that case, 6? + xX = 82, and x = J/28 = 247 ¥ 10. 


6. 102: The right triangle on the left (triangle ACD) is a 5-12-13 triangle, which is one of the common right tri- 
angles with integer side lengths. (Note that we could also use the Pythagorean Theorem to determine that the length 
of CD equals 12: 5? + 12? = 13? .) CD is the height of triangle ABC. 


Because, DBC = ZDCB, triangle BCD is isosceles, and the length of BD must also equal 12. Thus the base of tri- 
angle ABC has length 5 + 12 = 17, and its area is given by >b = =(17)(12) =17x6=102. 


7. 8: Because angle QOR is a right angle and POR is a straight line, angle POQ must also be a right angle. Angle 
a i | POQ is the central angle of sector OPQ. Therefore, the area of sector OPQ must be one-fourth of the entire circle 


a | (90° is one fourth of 360° ). The area of the entire circle is found as follows: tr =167 . Using the area formula for a 


4 
circle, we obtain z? = 167 , so r=VJ16 =4. Finally, the circumference of the circle is found from the formula c= 


; ST 
2xr= 87. The ratio of the circumference to x equals 2 =8, 
T 


angles of such a quadrilateral are inscribed angles of a circle. For example, angle ADC intercepts arc ABC, and angle 
ABC intercepts arc ADC. The two arcs constitute the entire circle. Thus, the sum of the arcs intercepted by these 


| 

| 

8. 50: When a quadrilateral is inscribed in a circle, opposite angles must add up to 180 degrees. This is because all 

) 

a: J ; angles is a whole circle, or 360°, and the angles must sum to A (360°) = 180°, (This follows from she wile tirthe 
| 


measure of an inscribed angle of a circle is one half the measure of the corresponding central angle.) This gives x = 
180° — 60° = 120° and y = 180° ~ 110° = 70°. Combining, x — y = 120° — 70° = 50°. 


9. C: Because O, P, and Q all lie on line segment AB, the diameter of circle Z (call it D,) plus the diameter of circle 
II (D) must equal the diameter of circle [J] (D p: D,+ D= Di - Because the circumference of a circle equals the 


diameter times z, i.e. c = zd, we can write z(D + D) = TZD p or (letting C denote circumference), (C + C) = C 
The two quantities are equal. 


110 
10. aa (or any equivalent): According to the problem, the first colony has an area of 600 square feet and a length 


. . 600 
of 40 feet. Therefore the width of the colony is aa” 15 feet. The second colony has a width twice that amount (30 


feet), and an area only half that of the first colony ( > of 600 square feet = 300 square feet). Therefore the length of 






the second colony is a =10 feet. 


The perimeter of the first colony is 2 x length + 2 x width = 2(40) + 2(15) = 110. 
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The perimeter of the second colony is 2 x length + 2 x width = 2(10) + 2(30) = 80 


seo, mse | 
Thus the correct ratio is <0 (or the mathematical equivalent). 


11. A, B, C, D: According to the problem, the longest side of the triangle is 10, each side has an integer length, and 
= of a r w Since none of the angles are equal, none of the sides can be equal. Therefore Choice F 
can be eliminated—if the shortest side were 10, then all 3 sides would h al 10, yieldi i i 
cad, ave to equal 10, yielding an equilateral tri- 


Similarly, if the shortest side were length 9, then the third side would have to equal 9 or 10. This would yield an 
isosceles triangle, and two of the angles would have to be equal. Choice E can thus be eliminated. 


All of the other Choices are possible. For example, the sides could be 4-7-10 (satisfying Choice A), 5-7-10 (satisfy- 
ing Choice B), 6-7-10 (satisfying Choice C), or 8-9-10 (satisfying Choice D). 


12. B: Because 3a is an exterior angle to the triangle enclosed by the three lines in the diagram, 34 must equal a + b. 
This is easiest to see by adding a label to the third angle in the triangle: 


a + b + c= 180 (interior angles of a triangle) 
c+ 3a = 180 (supplementary angles) 
Therefore, a + b + c= c + 3a, and a+ b = 3a. Thus b = 2a, and since angles must have a positive value, b> a. 


Thus Quantity B is greater. 


a fence of negligible width, the fence will have a length equal to the cir- 
a of the garden is given by the 

l 
A = qr’. Finally, the problem tells us that the length of the fence is a 


ey 


1 
2ar= -Tr | 
2 | 


13. C: If a circular garden is surrounded by 
cumference of the garden. Thus, the length of the fence is given by C= 2zr. The are 


formula for the area of a circle, the area of the 


garden, so we may write our equation as: 


nr= nr 

4r= 7 
r—4r=0 
rir—-4)=0 
r=0andr=4 


the radius of the garden must be 4. The correct answer is Cho 


ice C. 


The garden cannot have a zero radius, so 
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14. = (or any equivalent): According to the problem, AB = BD. Therefore triangle ABD is an isosceles triangle, 
140 


and angle BAD is equal to x’. Additionally, since we know angle ADE = 90° and angle DAE = 30°, we can determine 
that angle DEA = 180° — 90° — 30° = 60° (since these three angles form the triangle ADE). We can update the dia- 
gram as follows: 





The sum of angles BCD, DEA, BAD, and BAE must be 180° because they form the angles of the large triangle, ACE. 
Therefore, 70 + 60 + x + 30 = 180, and x = 20. Since y, x and x must sum to 180 (they form the angles of triangle 
BAD), y = 180 — 2x, so y = 140. 


Thus the correct ratio is e (or the mathematical equivalent). 
140 
15. D: If the sandbox with a length of 5 feet has twice the area of the other sandbox (which has an area of 20 x 5 = 


100 square feet), it must have an area of 200 square feet. Therefore its width must equal > = 40 feet. Converting its 


measurements to inches, the sandbox is 5 x 12 = 60 inches long and 40 x 12 = 480 inches wide. Since the formula 
for the perimeter of a rectangle is 2/+ 2w, the correct perimeter is 2(60) + 2(480) = 120 + 960 = 1,080 inches. 


16. A: The area of a square is given by the formula A = 7, where s is the length of the square’s side. The perimeter is 
given by P= 4s. Plugging these values into the equation given in the question, we can solve for n: 


(5) = n x (45)? 





S = 162n 
_ s’ _ 1 
16s? 16 
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17. C: In this question you are asked to compare the area of rectangle P with that of rectangle Q. Since the informa- 
tion given is the relative size of the length and width of rectangles P and Q with respect to those of rectangle R, we 
should try to evaluate the relative areas using rectangle R’s dimensions as the starting point. 


If we assign x to the length of rectangle R, and y to its width, we get an area for rectangle R of xy. Because the length 
and width of rectangle P are 30 percent less and 20 percent greater, respectively, than those of rectangle R, we can see 
that the length and width of rectangle P equal (1 — 0.3)x = 0.7x and (1 + 0.2)y = 1.2y. Thus the area of rectangle Pis 
(0.7x)(1.2y) = 0.84xy. 


Similarly, the length and width of rectangle Q are 40 percent greater and 40 percent less, respectively, than those 
of rectangle R, so we can see that the length and width of rectangle Q equal (1 + 0.4)x = 1.4x and (1 — 0.4)y = 0.6y. 
Thus the area of rectangle Q is (1.4x)(0.6y) = 0.84xy. 


The rectangles P and Q have equal area. The two quantities are therefore equal. 


18. 2,500: The region represented by the smaller rectangle is the park. The sidewalk is the shaded region all around 
it. Because the sidewalk is 5 feet wide, the larger rectangle (including the sidewalk) is ten feet longer and wider than 
the park itself, Therefore the larger rectangle, which includes both the sidewalk and the park, is 160 feet long and 
100 feet wide. The area covered by the sidewalk alone can be found by subtracting the area of the larger rectangle 


from that of the smaller rectangle: 


Larger rectangle area: 160 x 100 = 16,000 
Smaller rectangle area: 150 x 90 = 13,500 


The sidewalk therefore covers a total area of 16,000 — 13,500 = 2,500. 


a + b + c= 180. Therefore, knowing the 


19. C, D, F, and G: Because a, b, and c are the interior angles of a triangle, 
b and g are supplementarty angles, 


value of a + c would enable us to solve for b. Thus Choice D is correct. Similarly, 
so b+ g = 180. Knowing g would enable us to solve for b, so Choice G is correct. 


and as are c and f we know that a= d, b= e, and c = 


E i les, as are b and e, ; 
O ee F is correct. Finally, directly because b = e, Choice 


£ Thus if a + c is sufficient to solve for b, so is d + f: Thus Choice 


C is correct. 


20. B: Plugging the circumference of the circle into the formula C = 27r, we get (127) = Zar, so r= 6 and AB= 6. 


T 1 
rti i m : i ; C=(6x-= 
riangle ABC is a 30-60-90 triangle, so the proportions of the sides must be 1 (3 - 2. Therefore, B (6) a 


v3 = 3,/3. The perimeter of Triangle ABC is therefore 6+3+ 3/3 =9+ 343. Since B =1.7, 
2 


we can estimate the perimeter to be 9 + 3(1.7) 


3 and AC = (6)x 
= 14.1, which is larger than 14. (Note 4/3 that is actually larger than 


4 . h 
1.7, so the perimeter will actually be slightly larger than 14.1.) This would be a good problem on which to use the 


GRE on-screen calculator. oga 
go 
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: Geometry: Hard Practice Question Solutions 
1. 192: Using the formula for the surface area of a cube (Area = 65), we can find the surface area by simply finding 
the length of one of the sides of the cube. 


Flipping the cube so that the bottom of it is visible (and noting that this bottom surface is a square), we can see that 
line segment AB divides the square into two equal 45:45:90 triangles. Let’s label one of the sides s: 


LY 


Applying the rule that the sides of a 45:45:90 triangle are in the proportion 1 :1:/2, we can derive a formula to 


solve for s: 
Ss 1 
“7 


i i is 32 x 6 = 192. 
Therefore the area of the bottom square is (4/2 = 32 and the surface area of the entire cube is 32 x 


2. C: Since point A is at the origin (0,0) and point B is at (3, 4), we can determine that AB = 5 by applying the dis- 
tance formula (Pythagorean Theorem): 


, 2 
Distance = (Change in x coordinates) + (Change in y coordinates) ; 


=/9+16 = J25 = 5, (We could also note that AB forms the hypotenuse 


2 
I . . = a 0 A + 4 a 0 » 
n this case, Distance (3 ) ( ) from Bto the x-axis.) 


of a 3-4-5 right triangle, by filling in a line segment 
Since AB = 5, we know that BC = 2(5) = 10. Now we need to determine which of the listed points are not 10 units 
away from (3,4). 

Choice E is the easiest to eliminate, as we can simply add 10 the x value of point B to arrive at the location of C. 


That line segment will be 10 units long. 
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To handle the other Choices, we need to calculate their distances from (3,4). Again, we can use the distance formula. 


e For answer Choice A, VG-(=5)) + (4-(-2)) =48" +6" =464+36 =/100 =10. (Note: this is a 6-8-10 


right triangle. Recognizing this pattern saves a lot of calculation time!) 


For answer Choice B, (3-9) + (4 -12) = V6" +8" = V36 +64 = V100 =10. (Note: this also is a 6—8-10 right 


triangle!) 


For answer Choice C, y/(3 -10) + (4-11) =V7° +7? =449 + 49 = V98 = 7V2. This does not equal 10, and so 


Choice C is the correct answer. 


For Choice D, NIG =] 1) + (4-10 * = /§? +6? = v64 +36 = 100 =10. (Note: this is the same 6-8-10 triangle 


as in Choice B, but the legs have been switched!) 


3. A: The measure of the angles created at the intersection of any two lines is a function of the relative slopes of the 
lines. Since we are given enough information to solve for the slope of each of the lines involved, we can eliminate 
Choice D immediately—we have enough information for a solution. 


The slopes of lines M and N can be calculated directly since we are provided with equations that describe the lines. 
In the generic equation y = mx + b, m is the slope of the line and bis the y-intercept. Thus the slope of M is 3 and 


5 
the slope of N is > (we obtain the slope of line N by dividing both sides of the equation for N by 2). Since we know 
that line P contains the points (0,6) and (6,4), we can compute the slope of the line as follows: 


int The slope of line P is the negative reciprocal of the slope of line M; by definition this means that the lines are perpen- 


dicular. It follows that every angle created by the intersection of lines M and P must be 90 degrees. 








Since lines M and N are not perpendicular, we know that the intersection creates two angles of less than 90° and two 
angles of greater than 90°. Thus Quantity A is larger. 


sponding sides are equal. Consider the left sides: the length of the left side of triangle ABE is x, whereas the length of 
the left side of triangle ACD is x + y. Likewise, the right sides have lengths w and w + z, respectively. Therefore: 


x+y w+z 


X W 
1425142 
x Ww 
Ja 
X w 


Cross-multiplying yields xz = yw. The two quantities are equal, 


=————  ManhattanGRE Prep 
232 the new standard 














IN ACTION ANSWER KEY GEOMETRY PRACTICE QUESTION SOLUTIONS Chapter 9 
rnc re Åe ANNAN 









5. A, B, and E: First, because BE is > of BC and BD is - of AB (i.e., corresponding sides have proportional 


lengths), and angle ABC is shared between the two triangles, we can see that triangles ABC and DBE must be similar. 
Similar triangles have the further property that corresponding angles are of equal measure. Thus, for example, angle 
EDB equals angle CAB, and so ED is parallel to AC. 


Next, looking at the two smaller triangles in the right half of the figure, we can see that triangle EDB and triangle 
CDE have collinear and equal “bases” (CE and BE), and share their third vertex (D). Due to the shared vertex, tri- 
angles EDB and CDE have the same height relative to bases CE and BE. This implies that EDB and CDE must have 
the same area. (For a similar reason, triangles ADC and BDC must have equal areas; more on that later.) 


Choices C and D need not be true. The figure has been redrawn below so as to serve as a counterexample to both. In 
general, trying to “deform” the figure while remaining within the specified constraints is an effective way to discover 


which statements remain true and which do not. 


A D B 


Lastly, because triangles ADC and BDC must have equal areas as indicated above, we can see that the area of ian gle 
ABC must be twice that of triangle ACD. Note that ED is parallel to AC due to (true) Choice A, and DF is perpen- 
dicular to ED. DF must therefore be perpendicular to AC as well. Put differently, AC can be regarded as the base, 


Las 
and DF the height, of triangle ADC. The area of triangle ADC equals > times AC x DF. The area of triangle 4 BC, 
which is twice that of ADC, must therefore equal AC x DF. 


we can see that quadrilateral EFCD is a rhombus. 


6. C: Because of the various parallel and equal length constraints, 
h other. Consider the picture 


The area of a rhombus is l the product of its diagonals, which are perpendicular to eac 


below, where the two diagonals have been added: 
D 


8 A 
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We can see that EC = AB. Furthermore, BCDF is a parallelogram, such that DF = BC, and since BC = AE, it must 
be true that DF = AE. The area of triangle ABE is given by “(AB )( AE). The area of rhombus EFCD is given by 
=(EC )( DF). The two areas must therefore be equal. 


A purely graphical explanation is also possible: Below is the same figure, augmented by additional lines drawn 
through triangle ABE. We can see that ABE and EFCD are both comprised of four smaller, equal right triangles, so 


that they must have the same area. 


D 


A B 


1. 
7. B: The area of a rhombus is equal to a times the product of its diagonals. One diagonal of AFCE is AC, which 


is also a diagonal of the square, and has length J2. (We can use either the Pythagorean Theorem or the 45-45-90 
triangle rule to prove this.) The length of the other diagonal, EF, can be determined as follows: both DF and BE are 
radii of quarter-circles, each of which has a side on the square which is also a radius. The sides of the square equal 

1, so DF and BE must equal 1. Therefore, DF + BE = 2. DF and BE also lie along the other diagonal of the square, 
BD. The length of BD is equal to/2 . The reason DF + BE is greater than BD is that DF and BE overlap; the length 
of the overlap EF is counted twice. Thus, we can find the length of EF by subtracting the length of BD from the sum 
of DF and BE: EF =2-~2. Finally, we compute the area of AFCE as follows: 


1 1 | 
Area =5(AC)(ZF) ==(v2)(2-v2) =5(2V2 -2) -/2-]. 
An alternative is to eliminate answer choices based on estimation. The area of AFCF appears to be around one-half of 
the area of the square, which equals 1. Thus we would expect the value of the answer to be around 0.5. Seen in that 


light, only Choices A and B make sense. 


8. B: First, we note that triangle ABD is a right triangle, because any triangle inscribed in a semicircle is a right tri- 
angle. Thus the area of ABD is one half the product of AD and BD, which are its perpendicular sides. AD is already 
given. In order to find BD, we can use the fact that the measure of angle DAB has to equal one half of the measure 
of angle DCB. This is because angle DAB is an inscribed angle of the circle and angle DCB is its corresponding cen- 
tral angle. Once we determine that angle DAB measures 30 degrees, we can identify triangle ABD as a 30-60-90 


triangle. The ratio of AD to BD must therefore equal V3 :1. Forming a proportion, we obtain ae v3 or 
po 05m 2 a 
= E = e . The area of ABD equals 5 (6)(2V3) = 6/3 . 
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9. B: Because AB is parallel to CD, the measure of angle ACD is also 45 degrees. Angles CAB and ACD are both 
inscribed angles of the circle. The measures of the corresponding central angles are twice 45”, or 90° each. Therefore, 
taken together, minor arcs AD and BC make up 180” of the entire circle, leaving 180° for minor arcs AB and CD— 
and because AB is twice the length of CD, CD must measure 60°, while AB measures 120°. Therefore minor arc CD 


is == =- of the entire circumference of the circle, which equals 2zr = 167. The length of CD is thus = = = 


3 


10. A: The volume of a right circular cylinder is given by the formula V= 7A. In this case, the volume equals (37) 
(3) = 27x. Using the approximate value of z = 3.14 on the GRE Calculator, the volume is computed as V= 3.14 x 


27 = 84.78, which is greater than 84. (Note that since ~ is slightly larger than 3.14, the volume will be slightly larger 
than 84.78.) EZ 


a 
go 


11. C, D, E, and F: Refer to the figure below, in which some of the angle labels have been replicated. This updated 
figure is based on the various angular equalities associated with parallel lines (lines m and n) being intersected by a 
transversal. 





m 


. . ”». ¢ 
have no relation to a, but they are “remote interior angles” in a triangle 
e rule, the measure of a is equal to the sum of the measures 
~ 180°, so a = b + c.) Thus, knowing the values of b and 


It can be seen that angles 6 and c individually 
of which a is an exterior angle. Thus, by the exterior angl 
of 6 and c. (This is true because a + d= 180", and b+c+d 
c is sufficient to find a, so Choice D is correct. 


It can also be seen from the figure that a and d, band e, and c and fare pairs of supplementary angles se T T 
180°). In other words, knowing one angle’s value provides the value of the other. Thus: d is sufficient to fin p so, 
cand e is sufficient to find a (because e is sufficient to find b), and knowing and fis sufficient (because fis suffi 


cient to find e). Hence, Choices C, E, and F are correct. 
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12. 100: Some additional angle measures have been entered into the figure below. 





The polygon in the center of the figure is a pentagon. The sum of the interior angles of an n-sided polygon is given 
by (7 — 2) x 180°. For a pentagon, this yields (5 — 2) x 180° = 540°. 


Thus: x + x + 110 + 140 + 90 = 540, or 2x = 200. Therefore x = 100. 
13. C: Consider the figure below, which has additional lines, labels, and coordinates filled in: 


J 





(0, a) Qla, a) 





T 





The area of trapezoid OPQR can be found by subtracting the areas of right triangles SRQ and OTP from the 
area of rectangle OTPS. (This allows us to arrive at the value of the shaded area in the figure, which is the 


original trapezoid.) Because OPQR is a trapezoid, QR is parallel to OP and has a slope equal to E . The 
2a 2 
y-coordinate of R must therefore equal A The area of rectangle OTPS is 2a x a = 24”, the area of triangle SRQ 


| lfa a? l . 1 
is 5 (SR)(SQ) i (a) ve, and the area of triangle OTP is 3(OT)(TP)=—(22)(a) = 4”. Thus the area of 
2 3a’ 


OPQR is 2a? -2 -p =24 
QR is 2a 7 a 4 
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14. C and E: Consider the figures below, which illustrate various arrangements of the lines that satisfy the given con- 
straints. It can be seen that the x- and y-intercepts of line n will always be positive. Those of line m can be positive or 
negative; however they always have opposite signs. That is why their product has to be negative. Lastly, even though 
it first appears that the x-intercept of line n would always be farther from zero than the x-intercept of line m, the last 
figure illustrates that this need not always be the case. Thus Choice F is not necessarily true. 

n n 


y 











angle RST = 60°. Triangles PQT, QST, 


15. B: Because angle QPS = 30° and Triangle PQS is a right triangle, le pill aa lo the diagram below: 


QRT, and RST are all also right triangles, and the angles at each point can 


Furthermore, triangle PQS is a 30-60-90 triangle, so the sides must be in the proportion 1 13 :2: 
Q 





P 
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Next, each of these triangles share multiple sides and are all 30-60-90 triangles. Therefore, triangles PQS, PQT, 
QST, QRT, and RST are similar triangles, implying that the ratios of the respective sides (opposite the 30°, 60”, and 
90” angles) are all in equal proportion: 


== (1) 
PS mor. WxPQ_| 3 1 
PQ QT PS 2/3) 2 
3 
v3 7 
3 f2 
PQ _ o sr- QSXQT _ Y 
QT ST PQ 1 6 
2 
v3 3 
QS _ST po STXST _| 6 36_ 1,3 1 443 B 
á—i—, = ———— = = — = — X = —— = — Z — 
ST RS QS tE ™ 8 12 
3 3 


16. D: We can start by drawing a regular hexagon. Since the sum of the interior angles of an n-sided polygon must 
equal (n — 2) x 180°, the sum of the angles will equal (6 — 2) x 180° = 720° and each angle will equal 120°. We can 
divide the hexagon into a rectangular piece and 4 right triangles as follows: 





From this diagram we can determine that rectangle ABDE has a width of 8 and the 4 right triangles have hypot- 
enuses of length 8. Because they are 30-60-90 triangles, the sides must be in the ratio of 1- V3 :2 , so the short legs 


of the right triangles equal 4 and the long legs equal 4,/3. Thus the rectangle ABDE has a height of 2( 443 ) =843 
and thus an area of 8x843 = 644/3. 
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Each of the four right triangles have a base of 4 and a height of 443 , so their area is “(4 )(4 443 3)= =8,/3, and since 
there are 4 of them, they contribute 4(8/3 )= = 32/3 to the area of the hexagon. 


Adding the area of the rectangle to that of the 4 right triangles, we get a total area for the hexagon of 


64/3 + 32/3 = 96,3. 


Note also that the hexagon could be divided into 6 equal equilateral triangles, each with a base of 8 and a height of 
4,/3. The area of each such equilateral triangle equals -(8)(443 =1643, and 6x16/3 =964/3. 


17. A, C, and E: Since the sum of the interior angles of an n-sided polygon must equal (z — 2) x 180”, the average 


| —2)x180° 180°n-360° o 
of the angles will equal (2—2)x180° Š 180% -360° =180°— 360 Since 180 is divisible by 10, we need only 
n 


n n 


360 
evaluate whether — is divisible by 10 for each answer choice: 
n 


360 
° = 90, which is divisible by 10. In other words, 4-sided polygons will have an average angle of 





180° — 90° = 90°, which is divisible by 10. 
, 360 





= 72, which is NOT divisible by 10. In other words, 5-sided polygons will have an average angle of 


180° — 72° = 108”, which is NOT divisible by 10. 











° a = 60, which is divisible by 10. In other words, G-sided polygons will have an average angle of 
180° — 60°= 120°, which is divisible by 10. 

° e = 45, which is NOT divisible by 10. In other words, 8-sided polygons will have an average angle of 
180° — 45° = 135°, which is NOT divisible by 10. 

° = = 40, which is divisible by 10. In other words, 9-sided polygons will have an average angle of 


180° — 40° = 140°, which is divisible by 10. 


, 360 _ 
10 
180° — 36° = 144°, which is NOT divisible by 10. 


10. In other words, 10-sided polygons will have an average angle of 
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18. C: The easiest way to solve this problem is to add a few lines to the diagram: 


C 











D 


equal 120”. Line segment CD bisects angles ACB and ADB and is perpendicular to line segment AB. Therefore tri- 
angles ACE, ADE, BCE, and BDE are all 30-60-90 triangles. 


Because angle CAD = 120°, it intercepts an arc equal to ; of the area of Circle A. The area of Circle A is given by 


Tx? 





Tex”, so the area of the sector intercepted by that angle is 


2 


. Similarly, the area of the arc intercepted by angle 


mx” 





2 
CBD is . Adding these together, we get de 





. However, this measure double counts the four 30-60-90 trian- 


gles in the middle of the region. Therefore we must subtract out their areas. 


Each of the 30-60-90 triangles has a hypotenuse of x and a short leg of > . Using the proportion 1:43 :2 for the 


sides of a 30-60-90 triangle, the long legs of these 4 triangles equal -> = 23 Therefore the area of each triangle 


l li x43 243 
equals 7” = 5 JE) EY . Since there are 4 of them, the total area of the 30-60-90 triangles is 





4x V3 _ 243 
8 " > 


Therefore the total area of the shaded region equals 








nx > x? 3 > 4nx — 3/32 (ár — 33) x? 
3 2 6 6 


+ 
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19. B and C: Choice A tells us that line z does not pass through any point that has a larger x-coordinate than its 


b 

y-coordinate. Because line » passes through the origin, this means the line does not have a slope of —, where a > b— 
a 

in other words, line does not have a slope of less than 1. This does not answer the question, because line » could 


still have a slope of exactly 1, or a slope greater than 1. 


Choice B, however, answers the question, because the slope of line 7 must equal the negative reciprocal of perpendic- 


ular line m, which is —1. Thus, line » has a slope of — ZF. y 


Choice C also answers the question—if c and d are consecutive integers and cis larger than d, then c= d + 1. Thus 


line 7 passes through the point (c, c), and thus has a slope of Sel. 
c 


20. C: Perhaps the easiest way to solve this problem is to draw a rectangle around the parallelogram, find its area, and 
subtract out the area of the triangles that emerge around the parallelogram, within the rectangle (but that are not part 


of the parallelogram): 





Therefore, in 
; ; : Band CD have the same length and the same slope. iP 
Since ABCD is a parallelogram, line segments ES, F has a height of 3 and a base of 7. The same is true of tri- 


the diagram above, point D is at (4, -3). Triangle AD 
Drs = Since point C is at (-7, ~7) and A 
2 


angles ABE, BCE, and CDF. Therefore each triangle has an area of oar = 


is at the origin (0, 0), rectangle AFCE has an area of 7 x 7 = 49. Therefore the area of parallelogram ABCD equals 


49-4 = ld ES 


A « 2 2 a s | 
Alternatively, you could note that parallelogram is a rhombus, with each side equal to 37 +4° =5. The diagonals 
of the rhombus are of length r J" S 7/2 and GY 447 = dt. Using the formula for the area of a rhombus, 


4 ,we get pa xl =7. 
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